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Introduction

Introduction
The standard N =4, d =1 superalgebra:

{0w.Q)} = 2562, (1)

Supercharges Q% carry fundamental indices (i=1,2 and a=1,2) of the automorphism group SO(4) ~

SU(2)1, x SU(2)r . The superspace is

¢i= {t,e"“}, (2)

and transforms as

50" =€, St=—ie"0,  (0°)=—0ia, (%)= —€ia. (3)
The covariant derivatives are
0

Multiplets of N'=4, d =1 supersymmetric mechanics are denoted as (k,4,4 — k) with k=0,1,2,3,4. These
numbers correspond to the numbers of bosonic physical fields, fermionic physical fields and bosonic auxiliary
fields.
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Introduction Ordinary and mirror multiplets

Ordinary and mirror multiplets

@ The ordinary A =4 multiplets have their mirror counterparts characterized by the interchange of two
SU(2) groups which form SU(2)1, x SU(2)r automorphism group of the standard N'=4 supersymmetry
(E. Ivanov, J. Niederle, Phys. Rev. D 80 (2009) 065027).

@ Since this interchange (i,j +— «, 8) has no essential impact on N =4 supersymmetry, N' =4 multiplets
and their mirror counterparts are mutually equivalent.

e For example, the ordinary multiplet (1,4, 3) is described by a scalar superfield X satisfying the quadratic
constraint:
DyoDjjX =0. (5)

For the mirror multiplet (1,4, 3) the quadratic constraint is written as

DYDY X = 0. (6)
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Introduction Semi-dynamical multiplets

Semi-dynamical (spin) multiplets

Wess-Zumino (WZ) type Lagrangians for the ordinary multiplets (3,4,1) and (4,4, 0) were presented in the
framework of the N'=4, d =1 harmonic superspace (E. Ivanov, O. Lechtenfeld, JHEP 0309 (2003) 073). For
example, the simplest WZ Lagrangian for (4,4, 0) reads

Lwz = % (zz - zE) e, i=1,2, a=1,2 (7)

Without kinetic Lagrangian containing second-order in time derivatives of bosonic terms, this Lagrangian
describes a semi-dynamical multiplet. Fermionic fields become auxiliary, while the bosonic term produces
the primary constraints

Y 5L
pl+221 0, -5 0. (8)

These constraints are second class and we are led to introduce Dirac brackets:
{zi,zj}:ia;i. (9)

Thus, the bosonic fields 2%, z; describe semi-dynamical degrees of freedom (or spin variables).
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Introduction Coupling

Coupling

e Coupling of dynamical and semi-dynamical multiplets was proposed by S. Fedoruk, E. Ivanov, O. Lecht-
enfeld, Phys. Rev. D 79 (2009) 105015. This idea provided harmonic superfield construction of N =4
extension of Calogero system with the additional spin (isospin) degrees of freedom 2°, z; .

o This work was followed by a further study of “spinning” models considering couplings of dynamical
and semi-dynamical multiplets (S. Bellucci, S. Krivonos, A. Sutulin, Phys. Rev. D 81 (2010) 105026,
E. Ivanov, M. Konyushikhin, A. Smilga, JHEP 1005 (2010) 033, etc).

@ The ordinary multiplet (3,4, 1) as a semi-dynamical multiplet interacting with the dynamical multiplet
(1,4,3) was considered by S. Fedoruk, E. Ivanov, O. Lechtenfeld, JHEP 1206 (2012) 147. They showed
that the triplet of spin variables v* describes a 2 dimensional surface in R® satisfying the so-called Nahm
equations.
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Introduction Plan of talk

Plan of talk

e The main goal of the present talk is to consider the interaction of the semi-dynamical mirror multiplet
(3,4,1) with dynamical mirror multiplets (coupling of ordinary dynamical and mirror semi-dynamical
multiplets is under question).

o As an instructive example we consider the simplest coupling with the mirror multiplet (1,4, 3). In fact
we reproduce the model constructed in S. Fedoruk, E. Ivanov, O. Lechtenfeld, JHEP 1206 (2012) 147,
but in terms of mirror superfields in harmonic superspace.

o As new results we present the coupling with the chiral multiplet (2,4, 2) which belongs to the mirror
classification of A'=4 multiplets. The corresponding interaction is constructed as a superpotential in
the chiral subspace.
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Mirror multiplets

Mirror multiplets

We define mirror multiplets by superfields carrying no external 4, j indices and satisfying the common con-

straint
DY DM = 0.
The list of mirror multiplets:
0 (0,4,4): DilegMA —q (Wed) =W,,, A=1,2.
o (1,4,3): DIYDV*X =0.
0 (2,4,2): D®Z=D'Z=0, D"Z=D'Z=0.

e (3,4,1): DIeyA =, veh = yhe (Vo) = —Vap

o (4,4,0):  DileydA (Yod) =Y,a, A=1,2

(10)

The multiplet (0,4,4) is described by a fermionic superfield U4, The rest of multiplets are described by

bosonic superfields.
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Mirror multiplets Harmonic superspace

Harmonic superspace

Listed mirror multiplets have a description in the standard AN'=4, d =1 harmonic superspace

CH = {t(A)70§7uzi}7 (11)
where
tay =1— %939” (ujuj_ + uj'uz_) , 0F = Gguii, uj'uj_ — u;-"ui_ =€ij. (12)
Covariant derivatives are defined as
0 0 1o} 0 _ 0
Dt = — | DYt =9t —igtoete + 60—, D=0+ — —o0; , 13
90 It(a) 205 6% 905 (%)
where the partial harmonic derivatives are
0 1o} _ 0
ot = , = ——. 14
e ou,; e Buj © Ouy (14)

The harmonic superspace contains the analytic harmonic subspace parametrized by the reduced coordinate
set

Cay = {tay, 04w}, D*%¢ay =0, (15)

which is closed under A/ =4 supersymmetry.

Spin multiplets of s mmetric mechanics (Stepan Sidorov) Aspects of Symmetry (November 12, 2021) 7/ 26



Mirror multiplets Harmonic superspace

Mirror multiplets in harmonic superspace

Mirror multiplets are described by neutral harmonic superfields satisfying
DYTM =0, D°M =0, DIDY*M =o. (16)

Harmonic constraints of mirror multiplets:

e (0,4,4): DFTlegM4 =9 DTyt =y

o (1,4,3): DIDVt*X =0, DX =0.
° (2,4,2): D27 =0, DTZ =0, DTt Z =0, DTt Z =0.
e (3,4,1): DTy =9  DTFVeF =

o (4,4,0): DtlydA_g  pttyed —,
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Mirror multiplets Spin mirror multiplet (3,4,1)

Mirror multiplet (3,4,1)

The mirror multiplet (3,4, 1) is described by a triplet superfield V*? satisfying

previ =g, DpYtvef=o, v =V (VeB) = — V.
The solution is
Vel =B g\ gt By — 210700 1 om0 — o T 0 Py,

where

(vf) = —vap,  (X*) = =Xka, (O)=C.

Component fields transform as

S =Dy = 2™ — €0, 00 = —ieiaX".
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Mirror multiplets Spin mirror multiplet (3,4,1)

Harmonic analytic integrals

The ordinary multiplet (3,4, 1) is described by the analytic superfield V™ satisfying
DTeytt =, Dyt =o. (21)

The corresponding WZ action was defined as the integral over the analytic superspace (E. Ivanov, O. Lecht-
enfeld, JHEP 0309 (2003) 073):

Stz = / A L5 (VT ul), DL (VL) =0 (22)

This analytic superpotential is manifestly A'=4 supersymmetric since the Lagrangian is defined on the
analytic superspace and the integral is taken over this superspace.
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Mirror multiplets Spin mirror multiplet (3,4,1)

Alternative construction

Here we consider an alternative construction of WZ action for mirror multiplets in the same analytic su-
perspace (). Since mirror superfields carry no external charges &=, we must compensate the charge — 2
of the analytic measure dC(_A; by covariant derivatives DT and superspace coordinates 6% . We choose the
following simplest ansatz:

Swyz = / dC 0IDELYY (V), L (V) = L7 (V). (23)
We must require that the integrand satisfies the analyticity condition that yields
D [0iDfL? (V)] =0 = DyDYILY (V) =o. (24)

The quadratic constraint is the necessary analyticity condition that preserves the invariance of the WZ action:

68wz = / (s, esDFLY = / ¢y, DY (E;DgLaﬁ) =0 =

-~ D™ (E;D;LU‘B) - %e;D;D“’L‘” —0. (25)
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VSIS CITll Spin mirror multiplet (3,4,1)

Wess-Zumino Lagrangian

Component Lagrangian reads

Lwz = CU+ i Aup + %R”‘Bxéxzﬂ , (26)
where
U=0"Lag,  Aap=¢caydLas+epy 0 °Las, R*¥=0"0"L,s. (27)
One can check that
OapU =Rap, AsUU=0, 0P Aup=0,  OapAys— v Aap = €as Roy + sy Ras - (28)

Fermionic fields are excluded by their equations of motion. Constraints of the system are
TaB = Pap *iAag %O, U =~0. (29)

The last constraint appears as a secondary one from the primary constraint pc = 0.
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SISl Spin mirror multiplet (3,4,1)

Spin variables

The constraint ¢ ~ 0 kills one degree of freedom of the triplet v*?, so the triplet describes 2 dimensional
surface in R®. The matrix formed by Poisson brackets of the constraints is not degenerate:

det {ﬂ-aﬁvﬂ’ﬂs}PB {ﬂ-aﬁvou}PB 0.

30
U, mystpp (30)

Calculating the inverse matrix we find the corresponding Dirac brackets
{vap,vys} = LEerRos €0 Rery) (31)

2RM R
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Mirror multiplets Non-commutative plane

Non-commutative plane

Let us consider the simplest case U ~ y when the Lagrangian is written as
i, . . C 1
£wz:f(uﬂfuu)Jr—(cfy)fleXig, (32)
2 2 4
where

V12 = v, V11 = — \/iu7 V22 = V21 (33)

The matrix takes on a very simple and non-degenerate form

0 4« 0 0
AR o
0 0 —5 0
Dirac brackets are
{u,u} =1, {y,a} =0, {y,a} =0. (35)

The complex field u describes a non-commutative plane in R*, while the third coordinate (component) v,
perpendicular to this plane, takes on a constant value y = c.
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Mirror multiplets Non-commutative plane

Relation to fuzzy sphere

In S. Fedoruk, E. Ivanov, O. Lechtenfeld, JHEP 1206 (2012) 147 only fuzzy sphere solution was given as a
solution of the 3 dimensional Laplace equation:

1
Un ——e (05 420.0z) U = 0. (36)
VY% + 2ua
The non-commutative plane was not considered so we fill this gap. It is related to the fuzzy sphere by a
planar limit. We choose a suitable solution as

2
c+R-—21 | (37)
(y — R)* + 2u@

1
U=3

In the limit R — co we obtain the plane solution U = (¢ —y) /2.
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Mirror multiplets Dynamical mirror multiplet (1,4,3)

Mirror multiplet (1,4,3)

The mirror multiplet (1,4, 3) is described by a real superfield X satisfying
DipY*x =0 = DIiD*™X=0, Dtx=o0.
Solving them we obtain that
X =2 — 0,9 u) + 059" u; + 0,05 A +i0,07 % +i07°05 0,9 u;,

where

@)=z,  (¥)=tia, (A*)=—Aap.
Supersymmetry transformations are
0 = €)™, S = hA°P 1id e, 647 = 2ic' gD

The kinetic Lagrangian for the mirror multiplet (1,4, 3) is constructed as

Skin, = /dtﬁkin. = /dCHf(X)-
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Nahm equations Coupling

Coupling

The Lagrangian describing the interaction of both multiplets is constructed as
Sint. = /dtcim, - %/dg’ s
We guess the function AT as
Rt =0TV, (D*ﬂx) + %0*‘*}( (D*ﬁvaﬂ) n ée;e“ (D Vaup) (D*ﬁX) .
Indeed the dependence on 6, vanishes since AT is analytic:
DR =, DR £ 0.
One can directly check that the action is invariant:
6Sime. = g/dg; ShTT = %/dg* D*tsh=0, D'5h=0.

The component Lagrangian reads

Lint. = % (:rC + A%y — wmxm) .

Spin multiplets of su rmmetric mechani tepan Sidorov) Aspects of Symmetry (November 12, 2021)

(43)

(44)

(45)

(46)

(47)

17 / 26



Nahm equations Total Lagrangian

Total Lagrangian

The total Lagrangian is a sum of three Lagrangians:
Ltot. = Liin. + Lwz + Lint. .
Excluding the fermionic fields x*® by their equations of motion we obtain the total Lagrangian:

PR i bip

Lo :[’in i” a EA&B aB —
tot. kin, + 077 A st 35 Vag IR R

+C (B +u).
2
The N =4 supersymmetric coupling of the multiplets generates the constraint
h=U+ % ~0,

which relates one degree of freedom of the spin variables v** to the dynamical bosonic field z.
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Nahm equations Nahm equations

Nahm equations

Poisson brackets of the constraints result in the same matrix:

{mapsmystpg  {map:Ulpp
{u, ﬂ-Ws}PB 0

We obtain the following Poisson (Dirac) brackets:

{7T0577T’Y5}PB {7ap, h‘}PB (51)
{h, 7T"/5}PB 0 .

I T e e A o (52)
One can see that
e 028} = & (2 10,00} + €5 (D10 ). (5)
These are Nahm equations and they are written in the standard form as
{p,vc} = %aabc {va, v}, Vary — Va , a=1,2,3. (54)

We obtained a model equivalent to the model constructed in S. Fedoruk, E. Ivanov, O. Lechtenfeld, JHEP
1206 (2012) 147.
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Nahm equations Nahm equations

Non-commutative plane

Let us take as an example the non-commutative plane. The corresponding Lagrangian is

] . 1 1 i
Liot. = Lxin. + % w (Ufb - ibﬂ) +u (Amy + ﬁ AP — ﬁ AHU) — pP1iz

C
+ ,uT (r—y+c).
The coordinate y, perpendicular to the plane, is directly related to the dynamical component as
y=x+c.

Indeed, the Dirac brackets satisfy the Nahm equations:

{7"’7 ﬂ} = i 5 {yv u} =0, {y7 ﬂ} = 0.
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Coupling with chiral multiplet

Coupling with chiral multiplet

We split the triplet V*? into complex and real superfields as

Vi = _y, VZ = _\2U, v =120. (58)
The constraints become
D'U=0, DU=0, V2D;Y=DU, V2D;Y=-DU. (59)
where
D' = D", D' = D%, 0; == 0;1, 0" =65 (60)

Obviously the complex superfield U is chiral, so we can couple it in the chiral subspace {t1,0;} with the
standard chiral superfield Z. The latter describes the multiplet (2,4, 2). The chiral superfields are

Z:z+\/§0k§k+0k0kB
U=u-—

1 k k g
Lot — L 66% (0 + 20). 61
VoA W AL (C + 2iy) (61)
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Coupling with chiral multiplet Interaction term

Interaction term

The interaction term is given by the superpotential
Sint. = u/dtL d*0F (2,U) + u/dtR d*0F (2,0). (62)
The total Lagrangian:

Liot. = Lxin. + Lpot. + Lwz + Lint. - (63)

Bosonic Lagrangian reads

Liot. = Liin. + Lpot. — ’7’% (0uF — 0aF) 9 + iy Ay + V2i (i Az — 1 Ay)
Bo-F+Bo.F)+C|\uU— -t (9,7 +0.F)|. 64
+u( + )+ 2\/5( + ) (64)

The interaction term L. contains first-order time derivatives ~ ¢, i.e. it can be formally called interacting
WZ Lagrangian.
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Coupling with chiral multiplet Constraints

Constraints

The relevant constraints are
Ty = Pu + \/i'lAu ~ 0,
o =pa —V2iAs ~0,

Ty =py —i Ay, + % [0uF (2,u) — 8aF (z,0)] ~ 0,

h=U(y,u,a)— ﬁ [0uF (2,u) + 0aF (2,a)] ~ 0. (65)

Here the last constraint imposes a more complicated relation between the dynamical complex boson z and
the semi-dynamical triplet (y,u,@).
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Coupling with chiral multiplet [EBITEYNST TSRS

Dirac brackets

(OU)* = {&,u O,U +2 (3@7/{ - %) (auu - %)} ‘ (66)
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Coupling with chiral multiplet [EBITEYNST TSRS

Dirac brackets
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Conclusions Deformed supersymmetry

Deformation to SU(2|1) supersymmetry

Ordinary and mirror N'=4 multiplets admit deformations to SU(2|1) supersymmetry (E. Ivanov, S. Sidorov,
Class. Quant. Grav. 31 (2014) 0750; J. Phys. A 47 (2014) 292002):

{@h, @5} = 20305 (H —mF) —2m (o) 1},
wjﬂ:ﬁﬁ—ﬂﬁ7
[1,Q"] = stQ™ - 550",

.

[F.Q°] = 3 (@25 Q". (67)

In the limit m =0, models of the standard N =4 supersymmetric mechanics are restored with H being a
central charge generator.
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Deformed supersymmetry

Deformation to SU(2|1) supersymmetry

e SU(2|1) supersymmetry breaks the equivalence between ordinary and mirror multiplets, because the first
SU(2)1 group becomes a subgroup of SU(2|1) and the second group SU(2)g is broken.
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Conclusions Deformed supersymmetry

Deformation to SU(2|1) supersymmetry

e SU(2|1) supersymmetry breaks the equivalence between ordinary and mirror multiplets, because the first
SU(2)1 group becomes a subgroup of SU(2|1) and the second group SU(2)g is broken.

e In E. Ivanov, S. Sidorov, Class. Quant. Grav. 33 (2016) 055001 we showed that SU(2|1) supersymmetric
WZ Lagrangians can be constructed only for the mirror type multiplet (4,4,0). The same problem
appears for the multiplets (3,4,1).
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Conclusions Deformed supersymmetry

Deformation to SU(2|1) supersymmetry

e SU(2|1) supersymmetry breaks the equivalence between ordinary and mirror multiplets, because the first
SU(2)1 group becomes a subgroup of SU(2|1) and the second group SU(2)g is broken.

e In E. Ivanov, S. Sidorov, Class. Quant. Grav. 33 (2016) 055001 we showed that SU(2|1) supersymmetric
WZ Lagrangians can be constructed only for the mirror type multiplet (4,4,0). The same problem
appears for the multiplets (3,4,1).

e However, interacting WZ Lagrangians for the ordinary SU(2|1) multiplets can be set up (S. Fedoruk,
E. Ivanov, JHEP 1611 (2016) 103).
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Conclusions Deformed supersymmetry

Deformation to SU(2|1) supersymmetry

e SU(2|1) supersymmetry breaks the equivalence between ordinary and mirror multiplets, because the first
SU(2)L group becomes a subgroup of SU(2|1) and the second group SU(2)g is broken.

e In E. Ivanov, S. Sidorov, Class. Quant. Grav. 33 (2016) 055001 we showed that SU(2|1) supersymmetric
WZ Lagrangians can be constructed only for the mirror type multiplet (4,4,0). The same problem
appears for the multiplets (3,4,1).

e However, interacting WZ Lagrangians for the ordinary SU(2|1) multiplets can be set up (S. Fedoruk,
E. Ivanov, JHEP 1611 (2016) 103).

Thank you for your attention!
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