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Introduction

Introduction

The standard N = 4, d= 1 superalgebra:{
Qiα, Q

β
j

}
= 2δijδ

β
αH. (1)

Supercharges Qiα carry fundamental indices (i= 1, 2 and α= 1, 2) of the automorphism group SO(4) ∼
SU(2)L×SU(2)R . The superspace is

ζ :=
{
t, θiα

}
, (2)

and transforms as

δθiα = εiα, δt = − iεiαθiα , (θiα) = − θiα , (εiα) = − εiα . (3)

The covariant derivatives are

Diα =
∂

∂θiα
+ iθiα∂t . (4)

Multiplets of N = 4, d= 1 supersymmetric mechanics are denoted as (k,4,4− k) with k=0,1,2,3,4. These
numbers correspond to the numbers of bosonic physical fields, fermionic physical fields and bosonic auxiliary
fields.
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Introduction Ordinary and mirror multiplets

Ordinary and mirror multiplets

The ordinary N = 4 multiplets have their mirror counterparts characterized by the interchange of two
SU(2) groups which form SU(2)L×SU(2)R automorphism group of the standard N = 4 supersymmetry
(E. Ivanov, J. Niederle, Phys. Rev. D 80 (2009) 065027).

Since this interchange (i, j ←→ α, β) has no essential impact on N = 4 supersymmetry, N = 4 multiplets
and their mirror counterparts are mutually equivalent.

For example, the ordinary multiplet (1,4,3) is described by a scalar superfield X satisfying the quadratic
constraint:

Dk(αD
k
β)X = 0. (5)

For the mirror multiplet (1,4,3) the quadratic constraint is written as

D(i
γ D

j)γX = 0. (6)
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Introduction Semi-dynamical multiplets

Semi-dynamical (spin) multiplets

Wess-Zumino (WZ) type Lagrangians for the ordinary multiplets (3,4,1) and (4,4,0) were presented in the
framework of the N = 4, d= 1 harmonic superspace (E. Ivanov, O. Lechtenfeld, JHEP 0309 (2003) 073). For
example, the simplest WZ Lagrangian for (4,4,0) reads

LWZ =
i

2

(
zi ˙̄zi − żiz̄i

)
+ ψaψ̄a , i = 1, 2, a = 1, 2. (7)

Without kinetic Lagrangian containing second-order in time derivatives of bosonic terms, this Lagrangian
describes a semi-dynamical multiplet. Fermionic fields become auxiliary, while the bosonic term produces
the primary constraints

pi +
i

2
z̄i ≈ 0, p̄j − i

2
zj ≈ 0. (8)

These constraints are second class and we are led to introduce Dirac brackets:{
zi, z̄j

}
= i δij . (9)

Thus, the bosonic fields zi, z̄j describe semi-dynamical degrees of freedom (or spin variables).
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Introduction Coupling

Coupling

Coupling of dynamical and semi-dynamical multiplets was proposed by S. Fedoruk, E. Ivanov, O. Lecht-
enfeld, Phys. Rev. D 79 (2009) 105015. This idea provided harmonic superfield construction of N = 4
extension of Calogero system with the additional spin (isospin) degrees of freedom zi, z̄j .

This work was followed by a further study of “spinning” models considering couplings of dynamical
and semi-dynamical multiplets (S. Bellucci, S. Krivonos, A. Sutulin, Phys. Rev. D 81 (2010) 105026,
E. Ivanov, M. Konyushikhin, A. Smilga, JHEP 1005 (2010) 033, etc).

The ordinary multiplet (3,4,1) as a semi-dynamical multiplet interacting with the dynamical multiplet
(1,4,3) was considered by S. Fedoruk, E. Ivanov, O. Lechtenfeld, JHEP 1206 (2012) 147. They showed
that the triplet of spin variables vij describes a 2 dimensional surface in R3 satisfying the so-called Nahm
equations.
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Introduction Plan of talk

Plan of talk

The main goal of the present talk is to consider the interaction of the semi-dynamical mirror multiplet
(3,4,1) with dynamical mirror multiplets (coupling of ordinary dynamical and mirror semi-dynamical
multiplets is under question).

As an instructive example we consider the simplest coupling with the mirror multiplet (1,4,3). In fact
we reproduce the model constructed in S. Fedoruk, E. Ivanov, O. Lechtenfeld, JHEP 1206 (2012) 147,
but in terms of mirror superfields in harmonic superspace.

As new results we present the coupling with the chiral multiplet (2,4,2) which belongs to the mirror
classification of N = 4 multiplets. The corresponding interaction is constructed as a superpotential in
the chiral subspace.
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Mirror multiplets

Mirror multiplets

We define mirror multiplets by superfields carrying no external i, j indices and satisfying the common con-
straint

D(i
γ D

j)γM = 0. (10)

The list of mirror multiplets:

(0,4,4): Di(αΨβ)A = 0, (ΨαA) = ΨαA , A = 1, 2.

(1,4,3): D
(i
αD

j)αX = 0.

(2,4,2): Di2Z = D̄iZ = 0, Di1Z̄ = DiZ̄ = 0.

(3,4,1): Di(αV βγ) = 0, V αβ = V βα, (V αβ) = −Vαβ .

(4,4,0): Di(αY β)A = 0, (Y αA) = YαA , A = 1, 2.

The multiplet (0,4,4) is described by a fermionic superfield ΨαA. The rest of multiplets are described by
bosonic superfields.
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Mirror multiplets Harmonic superspace

Harmonic superspace

Listed mirror multiplets have a description in the standard N = 4, d= 1 harmonic superspace

ζH :=
{
t(A), θ

±
α , u

±
i

}
, (11)

where

t(A) = t− i

2
θiαθ

jα (u+
i u
−
j + u+

j u
−
i

)
, θ±α := θiαu

±
i , u+

i u
−
j − u

+
j u
−
i = εij . (12)

Covariant derivatives are defined as

D+α =
∂

∂θ−α
, D++ = ∂++ − iθ+

α θ
+α ∂

∂t(A)

+ θ+
α

∂

∂θ−α
, D0 = ∂0 + θ+

α
∂

∂θ+
α

− θ−α
∂

∂θ−α
, (13)

where the partial harmonic derivatives are

∂++ := u+
i

∂

∂u−i
, ∂0 := u+

i

∂

∂u+
i

− u−i
∂

∂u−i
. (14)

The harmonic superspace contains the analytic harmonic subspace parametrized by the reduced coordinate
set

ζ(A) :=
{
t(A), θ

+
α , u

±
i

}
, D+αζ(A) = 0, (15)

which is closed under N = 4 supersymmetry.
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Mirror multiplets Harmonic superspace

Mirror multiplets in harmonic superspace

Mirror multiplets are described by neutral harmonic superfields satisfying

D++M = 0, D0M = 0, D+
αD

+αM = 0. (16)

Harmonic constraints of mirror multiplets:

(0,4,4): D+(αΨβ)A = 0, D++ΨαA = 0.

(1,4,3): D+
αD

+αX = 0, D++X = 0.

(2,4,2): D+2Z = 0, D+1Z̄ = 0, D++Z = 0, D++Z̄ = 0.

(3,4,1): D+(αV βγ) = 0, D++V αβ = 0.

(4,4,0): D+(αY β)A = 0, D++Y αA = 0.
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Mirror multiplets Spin mirror multiplet (3,4,1)

Mirror multiplet (3,4,1)

The mirror multiplet (3,4,1) is described by a triplet superfield V αβ satisfying

D+(αV βγ) = 0, D++V αβ = 0, V αβ = V βα, (V αβ) = −Vαβ . (17)

The solution is

V αβ = vαβ + θ−(αχiβ)u+
i − θ

+(αχiβ)u−i − 2i θ−(αθ+
γ v̇

β)γ + θ−(αθ+β)C − i θ+γθ+
γ θ
−(αχ̇iβ)u−i , (18)

where

(vαβ) = − vαβ , (χkα) = −χkα , (C) = C. (19)

Component fields transform as

δvαβ = εi(αχ
β)
i , δχiα = 2iεiβ v̇

αβ − εiαC, δC = − iεiαχ̇iα. (20)
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Mirror multiplets Spin mirror multiplet (3,4,1)

Harmonic analytic integrals

The ordinary multiplet (3,4,1) is described by the analytic superfield V++ satisfying

D+αV++ = 0, D++V++ = 0. (21)

The corresponding WZ action was defined as the integral over the analytic superspace (E. Ivanov, O. Lecht-
enfeld, JHEP 0309 (2003) 073):

S′WZ =

∫
dζ−−(A) L

++ (V++, u±i
)
, D+αL++ (V++, u±i

)
= 0. (22)

This analytic superpotential is manifestly N = 4 supersymmetric since the Lagrangian is defined on the
analytic superspace and the integral is taken over this superspace.
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Mirror multiplets Spin mirror multiplet (3,4,1)

Alternative construction

Here we consider an alternative construction of WZ action for mirror multiplets in the same analytic su-
perspace ζ(A) . Since mirror superfields carry no external charges ± , we must compensate the charge − 2
of the analytic measure dζ−−(A) by covariant derivatives D±α and superspace coordinates θ±α . We choose the
following simplest ansatz:

SWZ =

∫
dζ−−(A) θ

+
αD

+
β L

αβ (V ) , Lαβ (V ) = Lβα (V ) . (23)

We must require that the integrand satisfies the analyticity condition that yields

D+γ
[
θ+
αD

+
β L

αβ (V )
]

= 0 ⇒ D+
γ D

+γLαβ (V ) = 0. (24)

The quadratic constraint is the necessary analyticity condition that preserves the invariance of the WZ action:

δSWZ =

∫
dζ−−(A) ε

+
αD

+
β L

αβ =

∫
dζ−−(A) D

++
(
ε−αD

+
β L

αβ
)

= 0 ⇒

⇒ D+γ
(
ε−αD

+
β L

αβ
)

=
1

2
ε−αD

+
βD

+βLαγ = 0. (25)
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Mirror multiplets Spin mirror multiplet (3,4,1)

Wess-Zumino Lagrangian

Component Lagrangian reads

LWZ = C U + iv̇αβAαβ +
1

2
Rαβχiαχiβ , (26)

where

U = ∂αβLαβ , Aαβ = εαγ ∂
γδLβδ + εβγ ∂

γδLαδ , Rαβ = ∂αγ∂βδLγδ . (27)

One can check that

∂αβ U = Rαβ , ∆3 U = 0, ∂αβ Aαβ = 0, ∂αβ Aγδ − ∂γδ Aαβ = εαδRβγ + εβγ Rαδ . (28)

Fermionic fields are excluded by their equations of motion. Constraints of the system are

παβ = pαβ − iAαβ ≈ 0, U ≈ 0. (29)

The last constraint appears as a secondary one from the primary constraint pC ≈ 0.
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Mirror multiplets Spin mirror multiplet (3,4,1)

Spin variables

The constraint U ≈ 0 kills one degree of freedom of the triplet vαβ , so the triplet describes 2 dimensional
surface in R3. The matrix formed by Poisson brackets of the constraints is not degenerate:

det

∣∣∣∣{παβ , πγδ}PB {παβ ,U}PB

{U , πγδ}PB 0

∣∣∣∣ 6= 0. (30)

Calculating the inverse matrix we find the corresponding Dirac brackets

{vαβ , vγδ} =
i (εαγRβδ + εβδRαγ)

2RλµRλµ
. (31)
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Mirror multiplets Non-commutative plane

Non-commutative plane

Let us consider the simplest case U ∼ y when the Lagrangian is written as

LWZ =
i

2

(
u ˙̄u− u̇ū

)
+
C

2
(c− y)− 1

4
χi1χi2 , (32)

where

v12 = y, v11 = −
√

2u, v22 =
√

2 ū. (33)

The matrix takes on a very simple and non-degenerate form∣∣∣∣∣∣∣∣
0 i 0 0
− i 0 0 0
0 0 0 1

2

0 0 − 1
2

0

∣∣∣∣∣∣∣∣ . (34)

Dirac brackets are

{u, ū} = i, {y, ū} = 0, {y, ū} = 0. (35)

The complex field u describes a non-commutative plane in R3, while the third coordinate (component) y,
perpendicular to this plane, takes on a constant value y = c.
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Mirror multiplets Non-commutative plane

Relation to fuzzy sphere

In S. Fedoruk, E. Ivanov, O. Lechtenfeld, JHEP 1206 (2012) 147 only fuzzy sphere solution was given as a
solution of the 3 dimensional Laplace equation:

U ∼ 1√
y2 + 2uū

,
(
∂2
y + 2 ∂u∂ū

)
U = 0. (36)

The non-commutative plane was not considered so we fill this gap. It is related to the fuzzy sphere by a
planar limit. We choose a suitable solution as

U =
1

2

c+R− R2√
(y −R)2 + 2uū

 . (37)

In the limit R→∞ we obtain the plane solution U = (c− y) /2.
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Mirror multiplets Dynamical mirror multiplet (1,4,3)

Mirror multiplet (1,4,3)

The mirror multiplet (1,4,3) is described by a real superfield X satisfying

D(i
αD

j)αX = 0 ⇒ D+
αD

+αX = 0, D++X = 0. (38)

Solving them we obtain that

X = x− θ−αψiαu+
i + θ+

αψ
iαu−i + θ−(αθ

+
β)A

αβ + iθ−α θ
+αẋ+ iθ+αθ+

α θ
−
β ψ̇

iβu−i , (39)

where

(x) = x, (ψiα) = ψiα , (Aαβ) = −Aαβ . (40)

Supersymmetry transformations are

δx = εiαψ
iα, δψiα = εiβA

αβ + iεiαẋ, δAαβ = 2iεi(αψ̇
β)
i . (41)

The kinetic Lagrangian for the mirror multiplet (1,4,3) is constructed as

Skin. =

∫
dtLkin. =

∫
dζH f (X) . (42)
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Nahm equations Coupling

Coupling

The Lagrangian describing the interaction of both multiplets is constructed as

Sint. =

∫
dtLint. =

µ

2

∫
dζ−−A h++. (43)

We guess the function h++ as

h++ = θ+αVαβ
(
D+βX

)
+

1

3
θ+αX

(
D+βVαβ

)
+

1

3
θ−γ θ

+γ (D+αVαβ
) (
D+βX

)
. (44)

Indeed the dependence on θ−α vanishes since h++ is analytic:

D+γh++ = 0, D++h++ 6= 0. (45)

One can directly check that the action is invariant:

δSint. =
µ

2

∫
dζ−−A δh++ =

µ

2

∫
dζ−−A D++δh = 0, D+γδh = 0. (46)

The component Lagrangian reads

Lint. =
µ

2

(
xC +Aαβvαβ − ψiαχiα

)
. (47)
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Nahm equations Total Lagrangian

Total Lagrangian

The total Lagrangian is a sum of three Lagrangians:

Ltot. = Lkin. + LWZ + Lint. . (48)

Excluding the fermionic fields χiα by their equations of motion we obtain the total Lagrangian:

Ltot. = Lkin. + iv̇αβAαβ +
µ

2
Aαβvαβ −

µ2Rαβψiαψiβ
4RγδRγδ

+ C
(µx

2
+ U

)
. (49)

The N = 4 supersymmetric coupling of the multiplets generates the constraint

h = U +
µx

2
≈ 0, (50)

which relates one degree of freedom of the spin variables vαβ to the dynamical bosonic field x.
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Nahm equations Nahm equations

Nahm equations

Poisson brackets of the constraints result in the same matrix:∣∣∣∣{παβ , πγδ}PB {παβ ,U}PB

{U , πγδ}PB 0

∣∣∣∣ =

∣∣∣∣{παβ , πγδ}PB {παβ , h}PB

{h, πγδ}PB 0

∣∣∣∣ . (51)

We obtain the following Poisson (Dirac) brackets:

{x, p} = 1, {vαβ , vγδ} =
i (εαγRβδ + εβδRαγ)

2RλµRλµ
, {p, vαβ} =

µRαβ
2RλµRλµ

. (52)

One can see that

{vαβ , vγδ} =
i

µ
(εαγ {p, vβδ}+ εβδ {p, vαγ}) . (53)

These are Nahm equations and they are written in the standard form as

{p, vc} =
1

2
εabc {va, vb} , vαγ → va , a = 1, 2, 3. (54)

We obtained a model equivalent to the model constructed in S. Fedoruk, E. Ivanov, O. Lechtenfeld, JHEP
1206 (2012) 147.
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Nahm equations Nahm equations

Non-commutative plane

Let us take as an example the non-commutative plane. The corresponding Lagrangian is

Ltot. = Lkin. +
i

2
µ
(
u ˙̄u− u̇ū

)
+ µ

(
A12y +

1√
2
A22ū− 1√

2
A11u

)
− µψi1ψi2

+
µC

2
(x− y + c) . (55)

The coordinate y, perpendicular to the plane, is directly related to the dynamical component as

y = x+ c. (56)

Indeed, the Dirac brackets satisfy the Nahm equations:

{u, ū} =
i

µ
, {y, u} = 0, {y, ū} = 0. (57)

Spin multiplets of supersymmetric mechanics (Stepan Sidorov) Aspects of Symmetry (November 12, 2021) 20 / 26



Coupling with chiral multiplet

Coupling with chiral multiplet

We split the triplet V αβ into complex and real superfields as

V 12 = −Y, V 22 = −
√

2U, V 11 =
√

2 Ū . (58)

The constraints become

DiŪ = 0, D̄iU = 0,
√

2DiY = D̄iŪ ,
√

2 D̄iY = −DiU. (59)

where

Di = Di1, D̄i = Di2, θi := θi1 , θ̄i := θi2 . (60)

Obviously the complex superfield U is chiral, so we can couple it in the chiral subspace {tL, θi} with the
standard chiral superfield Z. The latter describes the multiplet (2,4,2). The chiral superfields are

Z = z +
√

2 θkξ
k + θkθ

kB,

U = u− 1√
2
θkχ

k
1 −

1

2
√

2
θkθ

k (C + 2iẏ) . (61)
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Coupling with chiral multiplet Interaction term

Interaction term

The interaction term is given by the superpotential

Sint. = µ

∫
dtL d

2θF (Z,U) + µ

∫
dtR d

2θ̄ F̄
(
Z̄, Ū

)
. (62)

The total Lagrangian:

Ltot. = Lkin. + Lpot. + LWZ + Lint. . (63)

Bosonic Lagrangian reads

Ltot. = Lkin. + Lpot. −
i µ√

2

(
∂uF − ∂ūF̄

)
ẏ + iẏAy +

√
2 i
(

˙̄uAū − u̇Au
)

+µ
(
B̄ ∂z̄F̄ +B ∂zF

)
+ C

[
U − µ

2
√

2

(
∂uF + ∂ūF̄

)]
. (64)

The interaction term Lint. contains first-order time derivatives ∼ ẏ, i.e. it can be formally called interacting
WZ Lagrangian.
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Coupling with chiral multiplet Constraints

Constraints

The relevant constraints are

πu = pu +
√

2 iAu ≈ 0,

πū = pū −
√

2 iAū ≈ 0,

πy = py − iAy +
iµ√

2

[
∂uF (z, u)− ∂ūF̄ (z̄, ū)

]
≈ 0,

h = U (y, u, ū)− µ

2
√

2

[
∂uF (z, u) + ∂ūF̄ (z̄, ū)

]
≈ 0. (65)

Here the last constraint imposes a more complicated relation between the dynamical complex boson z and
the semi-dynamical triplet (y, u, ū).
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Coupling with chiral multiplet Dirac brackets

Dirac brackets

{z, pz} = 1, {z̄, pz̄} = 1, {pz, pz̄} = − iµ2 ∂u∂zF ∂ū∂z̄F̄ ∂yU
2 (∂U)2 , {u, ū} = − i ∂yU

2 (∂U)2 ,

{y, u} = − i

2 (∂U)2

(
∂ūU −

µ∂ū∂ūF̄
2
√

2

)
, {y, ū} =

i

2 (∂U)2

(
∂uU −

µ∂u∂uF
2
√

2

)
,

{pz, y} = − µ∂u∂zF ∂yU
2
√

2 (∂U)2
, {pz, u} = − µ∂u∂zF√

2 (∂U)2

(
∂ūU −

µ∂ū∂ūF̄
2
√

2

)
,

{pz̄, y} = − µ∂ū∂z̄F̄ ∂yU
2
√

2 (∂U)2
, {pz̄, ū} = − µ∂ū∂z̄F̄√

2 (∂U)2

(
∂uU −

µ∂u∂uF
2
√

2

)
,

(∂U)2 =

[
∂yU ∂yU + 2

(
∂ūU −

µ∂ū∂ūF̄
2
√

2

)(
∂uU −

µ∂u∂uF
2
√

2

)]
. (66)
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Coupling with chiral multiplet Dirac brackets

Dirac brackets

{z, pz} = 1, {z̄, pz̄} = 1, {pz, pz̄} = − iµ2 ∂u∂zF ∂ū∂z̄F̄ ∂yU
2 (∂U)2 , {u, ū} = − i ∂yU

2 (∂U)2 ,

{y, u} = − i

2 (∂U)2

(
∂ūU −

µ∂ū∂ūF̄
2
√

2

)
, {y, ū} =

i

2 (∂U)2

(
∂uU −

µ∂u∂uF
2
√

2

)
,

{pz, y} = − µ∂u∂zF ∂yU
2
√

2 (∂U)2
, {pz, u} = − µ∂u∂zF√

2 (∂U)2

(
∂ūU −

µ∂ū∂ūF̄
2
√

2

)
,

{pz̄, y} = − µ∂ū∂z̄F̄ ∂yU
2
√

2 (∂U)2
, {pz̄, ū} = − µ∂ū∂z̄F̄√

2 (∂U)2

(
∂uU −

µ∂u∂uF
2
√

2

)
,

(∂U)2 =

[
∂yU ∂yU + 2

(
∂ūU −

µ∂ū∂ūF̄
2
√

2

)(
∂uU −

µ∂u∂uF
2
√

2

)]
. (66)
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Conclusions Deformed supersymmetry

Deformation to SU(2|1) supersymmetry

Ordinary and mirror N = 4 multiplets admit deformations to SU(2|1) supersymmetry (E. Ivanov, S. Sidorov,
Class. Quant. Grav. 31 (2014) 0750; J. Phys. A 47 (2014) 292002):{

Qiβ , Q
α
j

}
= 2δijδ

α
β (H −mF )− 2m (σ3)αβ I

i
j ,[

Iij , I
k
l

]
= δkj I

i
l − δilIkj ,[

Iij , Q
kα
]

= δkjQ
iα − 1

2
δijQ

kα,[
F,Qiα

]
=

1

2
(σ3)αβ Q

iβ . (67)

In the limit m= 0, models of the standard N = 4 supersymmetric mechanics are restored with H being a
central charge generator.
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Conclusions Deformed supersymmetry

Deformation to SU(2|1) supersymmetry

SU(2|1) supersymmetry breaks the equivalence between ordinary and mirror multiplets, because the first
SU(2)L group becomes a subgroup of SU(2|1) and the second group SU(2)R is broken.

In E. Ivanov, S. Sidorov, Class. Quant. Grav. 33 (2016) 055001 we showed that SU(2|1) supersymmetric
WZ Lagrangians can be constructed only for the mirror type multiplet (4,4,0). The same problem
appears for the multiplets (3,4,1).

However, interacting WZ Lagrangians for the ordinary SU(2|1) multiplets can be set up (S. Fedoruk,
E. Ivanov, JHEP 1611 (2016) 103).

Thank you for your attention!
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