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Introduction

Schwarzian derivative

The Schwarzian derivative, defined by the relation
2

_t 3 t .
{t’T}_T 5(;) , t=0rt,

has wide range of applications in mathematics, such as complex analysis and
differential equations, and in physics. In particular, Schwarzian appears in the action
that describes the d=2 Jackiw-Teitelboim gravity at the boundary

1
Sz—é/dT{t,T},

which is important to study holographic correspondence (with Sachdev-Ye-Kitaev
model in this case). Interesting property of the Schwarzian action is that its equation
of motion is proportional to the derivative of the Schwarzian:

58=0 = 8,{t,r}=0.

In conformal field theory, Schwarzian emerges when conformal transformations of the
energy-momentum tensor are studied,

=\ 2
T(2) = (%) 7(2) + (2,2}
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Introduction

Main property of Schwarzians

Studies in conformal field theory suggest that the structure of appearing object {z, z}
is completely fixed by the conformal symmetry, and it would be desirable to find
simpler way to compute such quantities. Also, in superconformal field theories,
analogous inhomogeneous terms appear in the transformation laws of current
superfield J, which generates \/-extended superconformal transformations, and
they can be considered as supersymmetric extensions of the Schwarzian derivative. It
would be desirable to find a way to compute them, too, and obtain the supersymmetric
extension of the Schwarzian action.

In this talk, we apply the method of nonlinear realizations to compute Schwarzians
and find their supersymmetric analogs, using the known property of Schwarzian
derivative — its invariance with respect to SL(2, R) transformations:

at+b
ct+d’

{t,r}={t,} iff t' =

with SL(2,R) being a finite-dimensional subgroup of conformal group in d = 1. This
suggests that the method of nonlinear realizations should be applied to SL(2, R) to
obtain this derivative.
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Schwarzian from nonlinear realizations

The s/(2,R) algebra and Cartan forms

The s/(2, R) commutation relations can be written as
i[D,P]=P, i[D,K]=-K, i[K,P]=2D.

where hermitean generators P, D, K can be identified with time shifts, dilatations and
conformal boosts, respectively. Let us parameterize the SL(2,R) group element just
as done in standard conformal mechanics.

g= eiIPeizKeiuD,

where t, z, u are, so far, independent parameters. The transformations of parameters,
induced by left multiplication, g’ = gog, in infinitesimal form read

e B ~ d 1d d
__ iaP _ibD itK - B ~ 42 _ = — _
Q=€ e"e = Jdt=a+bt+ct, odu= dt(st’ 6z 2dt6u dt&tz.

The Cartan forms, strictly invariant with respect to left multiplication g’ = gog, are
Q=g "dg, or

Q = iwpP + iwpD + iwkK, wp = e "dt, wp=du—2zdt, wx=e" (dz 4 zzdt) .
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Schwarzian from nonlinear realizations

Schwarzian as projection of the K-form

Then standard superconformal mechanics are considered, t is taken as time, and u
and z are treated as functions of t. When, one can enforce covariant condition

wp = 0, which would express z in terms of derivative of u, z = 1/2du/dt, and use the
remaining forms to make up the action of conformal mechanics

dx\?® ¢°
o= [on= [or- [a|(5) -] v

Let us, however, follow different path. Let us consider ¢, u, z as functions of some inert
parameter 7; then, using the invariance of wp, wp and wk, one can enforce conditions

_ _ vy o1 .
wp=dr, wp=0 = e =1, z_§e u—z—.tz.
When the remaining form wg, remarkably, turns out to be proportional to the
Schwarzian:

e 2
L P - VR N N _
wK—E{u zu]df—z[il z(i)}dr, S= /UJK-
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Schwarzian from nonlinear realizations

How to construct supersymmetric Schwarzians

The constuction described above would be straightforward to generalize to
supersymmetric case. Then we should deal with some finite subalgebra of the whole
superconformal algebra, which extends three mentioned s/(2) generators P, D, K with
some supercharges @', superconformal charges S’ and, possibly, internal symmetry
generators J”. Constructing the nonlinear realization of the respective group, we
should treat all the group parameters as superfields that depend on some inert
superspace coordinates 7, 8'. Then the conditions

wp = AT, (wQ)i = dﬁi, wp =0,

where the forms At and d¢' being invariant with respect to \/-extended

supersymmetry, should express the remaining (ws)i, WK, ((A)J)ij in terms of super
Schwarzians and their derivatives.

Let us show how this program works in the case of A’'=2 supersymmetry.
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N'=2 Schwarzian

The su(1,1|1) superalgebra

We are going to reconstruct A’'=2 Schwarzian, starting from su(1,1|1)
superconformal algebra: su(1,1[1)

i[D,P]=P, i[D,K]=—K, i[K,P]=2D,
{0,6} _op, {s,é} — 2K, {o,é} — _op+ 2y, {5 s} — op- 2y,
i[J,Q] = %o, [0 = —%5, i[J,S] = s i8] =-
iD,al=,a i[p@ =0 ilDs|= —% i[ps] =15
i[K,Q = -8, i[K,é] -5, i[P,9]=qQ, i[P,E] =Q.

Here, P, D, K are Hermitean, J' = —Jand Q' = @, ST = 5. We define the group

element, in analog to the bosonic case, just as done in superconformal mechanics:

itP e&o+€5 ews+$s iZK giuD g9

g=¢ e
Parameters of the group are superfields that depend on superconformally inert _
coordinates of some superspace 7 (even), 6, 6 (odd). The forms, constructed of 7, 6, 6
and invariant with respect to A’=2 supersymmetry, are
At = d7 +i(d06 + d6d), do db, ot =i(d+ ), 0 =¢, 60 =E.
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N'=2 Schwarzian

The constraints

Using “boundary” supersymmetry invariant forms, one can define covariant derivatives
with respect to 7, 6, 0:

0 0 ~ 0 )

& -8 = 8 .8 _ :
D, =0., D=7~ D= - —if . {D,D} — _2i9,.

Equipped with these instruments, one can calculate the Cartan forms
971 dg = iwpP + weQ + L:)oa +iwpD + wyd + wsS + @Sg +iwk K
and find consequences of conditions wp = AT, wq = db, wq = de:
] b+i(Z+€E) = ¢,
wp=eYAt=e""(dt+i(dé¢ +d&d)) = o1 = Dt +iD¢ € = 0,
Dt +iDé¢ =0,
. U, : ug
{wo=e5<“i¢>(d§+¢m):d9 e

— p3u—i®) PF _ ob(utie)
R, Y (TRE 3 =, __ 07 Q&—ez _ ,Df—eZ
Og=e" 2 (d€+yAt) = db Dt — 0 DE = 0,
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N'=2 Schwarzian

The N'=2 Schwarzian

The remaining condition wp = 0, if others are taken into account, implies
wp = du — 2z At —2i(déd + dép) =0 = U—2e"z=0.

Then, after some calculations, the remaining Cartan forms wy, wk , ws, @s,

wy = dp — 2 At + 2(dEyp — dEp),

e (dz + 22t — (¢ A + b dip) + 2iz (dE D + déq/))) :

ws = e441E (0 — v + 2(de + p A)

Bs = €412 (dip + ipPdE + z (dE + P Al))
can be written in terms of just one superfield quantity S and its derivatives, with some
projections vanishing:

ISAT, wi = —%d@DS T %des T % (i [D,b] S — 3"‘) AT

wy =

ws = —1doS—inrDs, @ —1d6'3+iA DS

s T T2 ZoTES BEE G P

S = %—%—2' 33 = Sy—2, Which is N'=2 Schwarzian.

D¢ Di ' DeDE
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N'=2 Schwarzian

su(1,1]|1) Maurer-Cartan equations

The structure of the Cartan forms in A’=2 case raises the question why this happens
and if there a simpler means to show that the forms should have such a structure.
Indeed, it is known that Cartan form Q = g~'dg satisfies so called Maurer-Cartan
equation. We prefer to write it down in form that incorporates two commuting
differentials d, db
aQ2(dr) — dhQ(az) = [Q(dr), Q2(az)] -

Substitution Q(d;) = g~ 'd;g turns this relation into identity. At the same time, if
general expression for Q

Q = iwpP + waqQ + (A_Joa +iwpD + wyd + wsS + (Dsg +iwk K

is substituted, it would be possible to find the relations structure functions of the forms
satisfy.
Let us employ conditions

wp=AT, wg=0d0, ©g=0d0, wp=0
at this level. All other forms should be written as
wy =iATS +did — did, wk = ATC + dIT — diY,
ws = ATV + dOA+ dbB, @5 = AtV + diB + diA.
These should be substituted into Maurer-Cartan equations.
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N'=2 Schwarzian

Solution to Maurer-Cartan equations

Maurer-Cartan equation, which comes with P generator, reads
Cowip — Chwap = — (wipwzp — wipwzp) + 2i(wio@20 + H10w2q)-

Upon substitutiorl wp = AT, wg = d, oo = df, wp = 0 it is satisfied identically due to
At =dr +i(d6f + df). dwq equation, however, has nontrivial consequences:

1 i
Ohwig — diweq = wipwas — Wapwis + > (w1pwaq — wapwiq) — > (wiywz2q — waywiq)

d2d19 = d1d29 =0= (Am’dg@ = A27d19) <A+ %S) + (A1Td2§— AgTd1§)B+
+id10 b0 + %(d1§d29 — d2§d1 9)6

Just one equation is strong enough to show that the form ws can not have a dé -
projection, and dé and d@ projections of w, are absent. Also it relates d projection of
wg and At projection of wy: A= —1/28. With these results, one can obtain from dw,
equation

Cowty — Ciway = —2(wiolas — @W1qwas — wisW2q + B1sw2q)

that W = —1DS, ¥ = iDS, and wy, ws, @s can be written entirely in terms of S.
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N'=2 Schwarzian

Solution to Maurer-Cartan equations

Continuing down this road, one can check that dwp equation
Gowip — drwap = —2(wipwak — wikwep) — 2i(w1aies + 1qwas + wisdzq + B1sw2q)

determines portions of wx form, ¥ = —%DS, Y = —%58, and the function C can be
determined by analyzing ws equation

1 i
Ghwis — diwgs = —wikwaq + WakWiqQ — 3 (wipwzs — wapwis) — 3 (wigwzs — wagwis)

and one obtains the already known structure of Cartan forms
. 1 1 — 1/7~F 2
w; = iSAT, wk=—5d0DS+500DS + ¢ (1 [D, D] S-S ) Ar,
1 i, = I P i
ws = —édes — EAT DS, ws= §d98 + §AT Ds.
It is now matter of straightforward calculation to check that dwx equation

thwik — diwak = (wikwap — wipwek) + 2i(w1s@as + D15was)

is satisfied, leaving no constraints on S. It could be found only by studying Cartan
forms within given group parametrization.

N. Kozyrev (BLTP JINR, Dubna) Schwarzians Aspects of Symmetry, 12.11.21 12/24



N'=2 Schwarzian

N=2 Schwarzian action

With S = Sxr—2 being the sole invariant appearing in the forms, it is natural to assume
that the superfield Schwarzian action is given by the integral

Shaschw = —% / d7 do dOSx —».
Keeping in mind structure of the forms, one can write it as
SNZSchw:_%/UJJ/\UJO/\‘:)O:i/wP/\ws/\(:)o:—i/wP/\wC;/\(Ds.

As an integral over odd variables is defined as [ drd6df = [ drDD, one can evaluate
the component action with the help of expression for w:

Bt +i€E+ice) 3 (0-(t+i€E +ike))” N
b+ ifE +ice (t + i€ + i€€)®

+21#&;2 g —2¢’§5] .
(t+if€ +ide)® 2 t

Here, we denote the superfields and their first components with the same letter.

1 3
Shzschw = _§/d7' - E

N. Kozyrev (BLTP JINR, Dubna) Schwarzians Aspects of Symmetry, 12.11.21 13/24



N'=38 Schwarzian

0sp(3|2) superalgebra

The construction of A’'=3 Schwarzian is based on osp(3|2) superalgebra

i[D,Pl=P, i[D,K]=-K, i[K,P]=2D,
{Qi, Q} =26;P, {Si, S} =25K, {Q, S} =—-25;D— ejyk,
i1D,Q] = 1@, i[D,S]= 38, ilK,Ql=-S, i[P.5]= Q.
i[di, Q] = €k Qx, 1i[di, S]] = €Sk, 1i[Ji,Jj] = €jcdk.
All generators here are Hermitean, i,j... = 1,2,3, and ejx = €, €123 = 1. The group
element can be parameterized just as before,
g= o gtiQi ezp/SjeizKeiuDeiq&,‘J,"

where group parameters are superfields that depend on 7, §; coordinates of
superspace. The 7, §; are completely inert with respect to group transformations
g = gog and transform with respect to “boundary” supersymmetry as

or =ieib, d0i=¢ = OAT= (5(d7’ + id0,-9/) =0, 4do; =0.
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N'=38 Schwarzian

Solution to osp(3|2) Maurer-Cartan equation

The covariant derivatives with respect to 7, ; are

0 0
d = dTE + de,aiel = ATD-,— + d9,’D,’ =
g ., 0 .
DT = 87—7 Dj = 87@ — 19,57 {D/7 D/} = —216,187—.

To obtain the N’=3 Schwarzian, the Cartan forms
Q= g_1dg = iwpP + (wg); Qi +iwpD + i (wy); Ji + (ws); Si + iwk K
should be subjected to conditions
wp = AT, (wo)l, =db;, wp=0.

Taking into account results in A'=2, it would be useful to employ Maurer-Cartan
equations to find the general structure of the forms after applying the conditions
above. Without writing equations explicitly, the result is

1
(UJJ)[ = iATDS + db; S, (ws)i = AT (SD,'S — §6quDquS) + ie,-,-kdOjDkS,
wx = AT( _iSS + %(epq,DquD,S) - DkSDkS) +idd; (SD,s - %e,ququS),

with S being obvious A/'=3 Schwarzian candidate.
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N'=38 Schwarzian

The irreducibility conditions

To find the Schwarzian explicitly, we still need to find explicitly the Cartan forms and
irreducibility conditions of the multiplet. The forms read

wp=¢e Y (dt — if,‘df,‘) = e‘“At, wp = du — 2zAt — 2i d&bj,
wi = & (dz + 22Nt — iidr — 2 zw,-df,-) ,
R N N 1
("JQ)/ = (""O),‘M"/’ (“’S)i = (""S)/M"fﬂ (w./)i = (""J),‘M"/ + éeﬁdeka'”’
where hatted forms are
n _u R . 1
(@), = €72 (d& + Aty), (Gu); = —ie (1/1jd€k + EAW)/W) :
(@s); = €2 (dy; — inyde) + z (d& + At ).
The conditions wp = A7, (wa); = dbi, wp = 0 together imply that

o , oy 1 .
t+i€i&i =€, Dit+iDig& =0, Dtk = "My, vk = —e ", z=56€ ‘.
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N'=38 Schwarzian

N'= 3 Schwarzian action

Taking into account irreducibility conditions and their consequences, one can show
that indeed

1
(UJJ),. =...+ d9p|: leekImngllpm + = e,,ke Dprm Dkfm] =...4+ d@,‘S/\/:a,
1 _ 1 €pgrDon DgDrén

Spn—3 = 66 querfn Dquﬁn ) Dkofl Dk‘fl .

with Syr—3 being the known N'=3 Schwarzian. The Schwarzian action can also be
constructed

1 1 ji
Snaserw = _g/dTEijkDiDjDkSN:S =5 /wP A (wa); A (wQ)/. A (wJ)ke’/k =
. . 2
3 / 82 R(t+i6e) 3 (o-(t+i6&) Lo b6 &i&i
2 t+1£[€1 2 t+1€l€l t+1£I£I
—2iss — w + 1/\'/1;(//\./7;(/]
t + lfl £I 2

Here, we denote the superfields and their first components with the same letter, and s
is the first, independent, component of the Schwarzian.
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N'=4 Schwarzian

The su(1,1|2) superalgebra

Let us, finally, briefly describe the construction of the A’'=4 supersymmetric
Schwarzian. In A'=4 exists one-parametric family of superconformal algebras
D(2,1, a); we consider only su(1, 1|2), which corresponds to a = —1:

[D,P] =-iP, [D,K] =iK, [P,K] =2iD, {Q.,Q"} =26]P, {Ss,8"} =250K,
{Qa, 8%} = 282D —2T.%, {@°, S5} = 263D +2T,",

[0,Qu] = —3Qu, [0,T] = —40°, [D.S:] = §Sa, [D,5°] = 45",

[K,Qu] =iSa, [K, Q"] =iS", [P,Sa] =-iQu, [P,§"] =-iQ".

The generators D, K, P commute with su(2) generators T.%, T.® = 0; the
commutators of su(2) with themselves and fermionic generators read

[T.%, T =i(0 T¥ — 04T,
[Tf, Q] =i (65% - %aiow) , [T2,Q7) =~ (mﬁ - %655”) :

T.”,8,] =i 5Bsa—15§sw , [T.2,8] =—i 535»’:*—15557 .
v 2 2

Here, indices a, 3,... = 1,2 can be raised and lowered with help of antisymmetric
tensors e s, €2?, €ape®’ =67, e1a = ' = 1.
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N'=4 Schwarzian

The su(1,1/|2) Cartan forms

The SU(1, 1|2) group element can be parameterized as

AT juD

3 (e g O™ [ 7, Qo
g= eltPe€ Qa+£aQ ed) Sa+aSY 4izK eP,

e

there parameters depend on inert “boundary” superspace coordinates 7, 6%, 8,,. The
supersymmetry invariant forms and derivatives are

AT =dr +1d0% 0o +1d06 0%, 67 =i(€%00 + € 0%), 50% =€, 600 = Ea,
_8 o7 70‘_1_'0‘ B _o:sB
D‘*_aea i0,0,, D == 0°9-, {Da,D’} = —2i550-.

The left-invariant Cartan forms are defined in standard way:
9~ 'dg = iwpP + iwk K + iwpD + (wa)“ Qa + (@o)aaa +
+(ws)“Sa + (@S)a?" + (WT>ﬁaTa£~

Considering Maurer-Cartan equations with conditions wp = A7, (wg)® = d6*, (wo)a,
wp = 0 applied, one can find that the (wr)aﬁ inevitably has structure,

(wr),* = SO, Sa® =0, DYs*) =0, DOs*? o,

with S,.® satisfying the A’=4, d = 1 vector multiplet conditions.
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N'=4 Schwarzian

Solution to su(1, 1]2) Maurer-Cartan equations

The rest of the forms also can be written in terms of S..°:

(ws)® = %mﬁﬂsﬁ —iSs*d0®, (@s), = —%ATDWSC[’ +i8.” db,
1 e v 1 v 1 @ 1 n n e
WK = AT (E I:D/"’ Dy] SP‘ — ES}“/SP‘ > — §d0 D»YSO(W + §d0aD’yS»y o
To find S.” explicitly, one again should calculate the Cartan forms and irreducibility
conditions. The wp conditions read
wp = e YAt = e7Y(dt +1(dE%En + dEa®)) = AT = t+i(€% & +fa§a) =eY
Dot +i(Dat”? &5 + Dagse”) =0, Dt +i(D*¢” &5 + D*Ese”) = 0.
The (wq)® and (@q),, conditions read
(wa)* =e % (e7™) *(de” + Aty”) = do* =
P
Y%= —eT'E", Dag” = (6%),%6"%, D" =0,

(@q), =€ 2 (eu) P(dé, + AtY,) = dis =

ZZ_Ja _ —e_uf;a, Eﬂfa _ (e—ix)aﬂeu/z, Dﬁf_a -0
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N'=4 Schwarzian

N'=4 superfield action

Using these relations, one transform the (wr) ,* form into
(w),* = &7 [-i(e7™) “0r(6%),7 —2e74(67),*(6%)," €# & + 05 Eue’] =

"
183[D5,D7]) log (D&" DE.),

1 ate’
= ZAT([Dﬁ, D] -

as expected. The Schwarzian action is
Snaschw = —1l2/d7 [D,,D,] 8" = %/de@adég S.” =

— & [ @)™ A @a), A )" =5 [we A ()" A (Ba), =
—é/wp A (wa)® A (@s),-
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N'=4 Schwarzian

N=4 component action

The component action reads

2 /% o s .5 o 5 e r e 2
Snaschw = —%/dT [87—(1‘—’_15 _fa +1£af ) _ g <8T(t+1£ _§o¢ +i§a§ )) +
P+ ige8a +i8al® t+igeda +ilate

. s 2
€ £a+§”‘§ §"¢ —iA\\ B (ap—iN) « i« iy o
2 — 2| 2>2= + a.,— 87. =
t+iéBEs +i€peh ( t > e o) ede), e e,
(e7),fo-(e?), “é”fa]
—4i .

t+ lgaé'a + 1€a£°‘
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Maxwell algebra Schwarzians

Maxwell algebra Schwarzians

Finally, let us note that an analog of Schwarzian appears during study of flat space
limit of Jackiw-Teitelboim gravity - Sachdev-Ye-Kitaev model correspondence. It is
related to the Maxwell algebra,

i[D,P] = P, i[D,K] = K, i[K,P] =2Z

with Z being central charge generator instead of dilatation generator. Repeating steps
we did in the bosonic case, one can define the coset element, calculate the Cartan

forms
g= ¥ e P g 'dg = iwpP + iwk K + iwpD + iwzZ,

wp = e %dt, wx = e®(dz— qzdt + m’dt), wp=d¢ wz = du— 2zdt,
and, imposing conditions

eit(P+n12K+qJ)

wp=dr, wz=0 = t=¢", z:%’

one can obtain the related Schwarzian as projection of wk,
st oat 0y 1 .
UJK—d’Tt|:§(? t?)+mt Equ:|,
which is already known Schwarzian constructed for this purpose. It would be

interesting to find supersymmetric extensions of this system also.
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Conclusion

Conclusion

In this talk, we discussed the method of construction of bosonic and supersymmetric
Schwarzians using the formalism of nonlinear realizations. It involves calculation of
invariant Cartan forms of a given superconformal group and enforcement of
conditions, which are almost universal for all groups

wp:AT, (wo)i:dei, UJDIO

Here, 7 and ¢’ are the coordinates of some “boundary” superspace, and A+ and dé’
being supersymmetry-invariant forms. In the cases of A'=1,2, 3, 4, the constraints on
respective superconformal group forms express them in terms of supersymmetric
Schwarzians. This can be proven in simplest way by study of Maurer-Cartan
equations. It was also shown that supersymmetric Schwarzian actions are given by
integrals of Schwarzians over appropriate superspaces.

This work can be extended further to more general superconformal groups, such as
D(2,1, a). Another interesting problem is to obtain non-relativistic version of
Schwarzians.
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