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This talk is based on an yet unpublished paper titled: RG flow between
W3 minimal models

Authors: H. Poghosyan and R. Poghossian

The RG flow between neighboring minimal CFT models Agp) and Agp_l)
with W3 symmetry is explored. Although in perturbed theory dilatation
current is no longer conserved it is still possible to get an exact operator
expression for its divergence. Exploring this anomalous conservation law
one can express the leading order anomalous dimensions of local fields in
terms of structure constants of OPE in the original CFT. We generalize
these line of argument for the case when a higher spin W current is
present. We introduce the notion of anomalous W zero mode matrix which
again can be expressed in terms of OPE coefficients of the original CFT.
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Outline

© Review on W3 minimal CFTs and RG flow
@ Write the OPE and the W3 algebra.
@ From Toda to minimal CFTs (map the Toda conformal (Virasoro)
dimensions and w-weights to minimal ones.)
@ Identifying the IR fixed point

© Matrix of anomalous dimensions
@ From dilatation current to the well known formula for the anomalous
dimensions
@ Matrix of anomalous dimensions for the first two sets

© Matrix of w anomalous weights

@ From W zero mode current to a formula for the matrix of w
anomalous weights expressing it in terms of initial W3 CFT weights
and structure constants

@ Matrix of w anomalous weights for the second set. Diagonalization
of this matrix provides an additional independent conformation that
indeed Agp) flows to Agpil).

November 12 School and=Workshc

Hasmik Poghosyan (Yerevan Physics Institute  RG flow between W3 minimal models 3/24



W3 CFTs

In any conformal field theory the energy-momentum tensor has two
nonzero components: the holomorphic field 7'(z) with conformal dimension

(2,0) and its anti-holomorphic counterpart T'(z) with dimensions (0,2). In

W3 CFTs one has in addition the currents W (z) and W (%) with
dimensions (3,0) and (0, 3) respectively. These fields satisfy the OPE rules

/2 2T(0) | T'(0)

T(2)T(0) = A 2 + — +o (1)
rewo) = WO VO @)

1 1 111 16 /
2 <T5T O+ 5552 (O)) L
Here A(z) is a quasi primary field defined as: A(z) =TT (z) — 3T"(2),
where :: is regularization by means of subtraction of all OPE singular terms. The
second term is added to make A(z) a quasiprimary field. Indeed the state created
by this field: A(0)|0) = (L2, — L%, L_5) |0) is a Virasoro quasi primary state
le. L1A(0)|0) = 0. November 12 School and-Workshc
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We can expand these fields as Laurent series

X L =X W, =X A,
T(z) = Z PR W(z) = Z g A(z) = Z onta (3)

n=—oo n=—oo n=—oo

The OPE's (1), (2) and (3) are equivalent to the W3 algebra relations

c

[Ln, L] = (n —m)Lnim + ﬁ("s = n)0ntm.0, (4)

(L, Win] = (20— m) Waim (5)
16(n —m c

[Wn, Wm] = a(”? m)Ln+m + ﬁ n+m + %(Tﬁ - 4)(1’1,2 - 1)n6"+mv0(6)

where

a(n,m) = (n —m) <1(n—|—m—|—2)(n—|—m—|—3) - é(n+2)(m—|—2))

15
+oo
A, =dnL, + Z Ly Ly — (7)
here :: means normal ordering (i.e operators with smaller index come first) and
1 1
d2m:g(1_m2)7 d2m—1=g(1+m)(2—m)- (8)
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The central charge of Virasoro algebra in As-Toda CFT conventionally is
parametrized as

c=2+12Q-Q, where QZ(b+%>(w1+w2), (9)

with b being the (dimensionless) Toda coupling and in what follows it would be
convenient to represent the roots, weights and Cartan elements of A as
3-component vectors with the usual Kronecker scalar product, subject to the
condition that sum of components is zero. So

2/3 1/3
w1 = ( —1/3 ) s w2 = ( 1/3 ) (10)
-1/3 —-2/3

are the highest weights of two fundamental representations of su(3). The
weights of the fundamental representation are

2/3 ~1/3 ~1/3
= -1/3 |; ha=| 2/3]; hs=[ —1/3 (11)
-1/3 —1/3 2/3

Conformal (Virasoro) dimensions and w-weights of the exponential fields V, with
charge « are given by

. 3

Ala) = @ (2Q—-a) _ /Bbi Q).

() 3wl = e [T =@ h) . (12
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From Toda to minimal CFTs

To pass from the Toda theory to the minimal models, one specifies the parameter

bas: b=1, /p% , where integers p = 4,5,6,--- enumerate the infinite series of

unitary models denoted as Agp). From (9) for the central charge we get:
_ 24
¢ =2~ 501 - .
Furthermore, all primary fields of the minimal models are doubly-degenerated, a

condition that is satisfied only for the following finite set of allowed charges

im0 = D+ 1)+ (= m)ples + (0 = Dlp+1) + (1= e
where, n > 1,n’ > 1,m > 1,m’ > 1 are integers subject to the additional

constraints n +n' <p—1, m+m’ < p. In view of (12) the conformal and w
dimensions are given explicitly by

(13)

A [ n m/] — ((p + 1)(m — ml) - p(n - ’I’L/))2 + 3((]7 + 1)<m + m,) - p(n + n/))Q —12
nom 12p(p+1)
w2 ] =V6((p+ D)’ —n) - plm’ —m)) x
(4 D)+ 20') = p(m + 2m))(p+ 1) (20 + 1) = p(2m + ')
27p(p+ 1)/ (2p+5)(2p — 3)
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In what follows a special role is played by the field ¢(z) with the charge
parameter a [} 3] = —b(wy + wa) and conformal dimension

A(=b(w1 +w2)) = % =1—¢, where e =3/(p+ 1) is introduced for
later use. Notice also that the field ¢ is w-neutral: w(—b(w; +w2)) =0.
Consider the family generated from this field by multiple application of
OPE. It is important that ¢ is the only member of this family (besides the
identity operator) which is relevant. This fact allows one to construct a

consistent perturbed CFT with a single coupling:
A= Acrr+A / o(z)d*x (14)

At large values of p, ¢ << 1 and the perturbing field is only slightly
relevant and the conformal perturbation theory becomes applicable along a
large portion of RG flow. The case of positive values of the coupling A > 0
has been investigated in S. L. Lukyanov, V. Fateev ! and it was shown

that in infrared our initial theory A% flows to ALY

1S, L. Lukyanov, V. Fateev , Additional Symmetries and Exactly Solv- able Models in
Two Dimensional Conformal Field Theory: Physics Re- views, ol 15, ERG & reas Wo9%sho

'Noverbi
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In H.P. & R. Poghossian? one of our aims was to investigate this RG
trajectory in more details. To find the matrices of anomalous dimensions we
have derived several classes of OPE structure constants. Then we
computed the matrices of anomalous dimensions for three RG invariant
sets. The first set contains a single primary, the second one three primaries
and the third includes six primaries and four level one secondary fields. We
diagonalized the matrices of anomalous dimensions and found the explicit
maps between UV and IR fields.

2 .. . .
RG flow between W3 minimal models by perturbation ang domain @l aPRIRRSNE Kshc
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|dentifying the IR fixed point

For the diagonal structure constants we have:

® _ —b(wi+ws2)
Cw,w = C[fb(wlﬂuz),fb(wnuwz)}

214-5p)*  (2- %) V4 —4p)y(2-2p)
Bp—=2)(4p—3) ~(1-4)v(3—22)v(3—-3p)

where p = p/(p + 1) also remind that e = 3/(p + 1). In the limit when p > 1 we
get

(15)

O, =2 B2 IR o) (16)

Blg) =eg— *C%g +0(g”) (17)

Thus at g = g, = % + O (€?) the beta-function vanishes and we get an
infrared fixed point. The shift of the central charge is given by

g 1
Cp— Cx = 1272 B(g)dg = 96 34 O(e ) (18)
0
On the other hand
48 16 4
— = — = o) 19
Cp — Cp—1 p(pz_l) 96+ ( ) ( )
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It is well known that the slope of the beta function at a fixed point is
directly related to the dimension of the perturbing field. In our case

A*zl—% =1+e+0(?) (20)

d‘g 9=9=«
As expected the perturbing slightly relevant field ¢ at UV becomes
slightly irrelevant at IR. Remind that the W weight of ¢ is zero. It is
possible to show that this weight should not get perturbative corrections
at the IR point so that w{® = 0. Examining (14) we see that the only

primary field of Agp_l) with required properties is the field with charge

a[31]=—b"N w1 +w) (21)
indeed
+2
AlBHlypr = o7 = L€+ 0(), (2)
w [% %:Hp—}p—l =0 (23)

so that it can be identified with the perturbing field at the IR fixed point.
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Matrix of anomalous dimensions
In perturbed theory T'= T, is no longer holomorphic, indeed

IT: (2, 2))x = HT(2)e I ¥ %) oy =

SN B yptaneen) ol .. dr, =

N~ (N [ 5 A 19 2 >
Z , -] Np(z1). .. ((foi)z + =) 8:Ei) o(xs) ... p(zn))d z1 ... d7z2

Where in the last step we have used the standard Ward identity. Now we
can use
Az —x) ' =76 (z —1;), hence (z— ;)2 = —7wd'(z — x;) (24)
and evaluate the integral. The result can be represented as

A(T()e™ I 297) = —7A(1 — A)(p ()™ Mo07) (25)

Thus energy momentum conservation in the perturbed theory takes the
form

OT, .(2,2) + mAedp(2,2) =0 (26)
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Using this we immediately get
O(2T) + meNd(2p) = TeAp (27)

The left hand side is the divergence of the unconserved current
corresponding to dilatation. By definition the charge

A dz dz
= T— — e zp— 28
Cr /(9A (Z omi Y 2m‘> (28)
where A is a region of R2. Consider
TEA pdzdz = 71'6)\/ pdzdz + meA pdzdz = 7re>\/ pdzdz + (29)
R2 A R2\A A

—I—/ (0(2T) + meXd(2p)) dzdz = 7re>\/ pdzdz — / (2Tdz — meAzpdz)
R2\A A A

the initial integral was independent of A thus the final expression is
independent too.
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So we can consider the ultraviolet limit taking A very small, notice also
that due to the irrelevance of perturbation the effective coupling nearly
vanishes, leading to the equality

dz dz dzdz
- [ (5705055 = rerspos0)5% ) +7en [ o0 = (30)
= —05¢5(0)
From (28)
A dzd
Qrl05(0)) = Ass0) + 7o [ 0 (0) T (31)
which simply implies that
Qr(dp) = Apdp — eXrdg (32)
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Let us change the basis of fields to such where the new fields satisfy
(qﬁé(l)qﬁg(O))A = 0qp. It is not difficult to see that

WAC@W

¢% = Bgydy, where Bg, =g, + . +0(\?) (33)

From here by straightforward computation we get
Qr(63) = (BsnnBr — ABgaOrBry,) 6, — AL} (34)

The matrix of anomalous dimensions is defined as
I' = BAB™! — eAB(9,B™Y) (35)

inserting here B from (33) we get
Tap = Aabap + TACS 5 + O(N?) (36)

At this order A can be replaced by renormalized coupling constant g since
g(A\) = X+ O()\?) (notice that the normalization scale was chosen to be
1). So, finally we get Zamolodchikov's formula
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Matrix of anomalous dimensions for the first two sets

In this section we are going to derive the matrix of anomalous dimension I
for the first two sets. The firs set contains only the field ¢, = ¢ [, ,/]. Its
Virasoro dimension (14) for small ¢ is given by

[TLTL

1
] = EEQ (n® +nn' +n'” - 3) + ge?’ (n® +nn’ +n* —3) 4+ 0 (¢*) (38)
To find I" from (37) we have to know C:ﬁfln which for small € is

e (n?24+nn +n?-3
con = ( s ) 4o (%) (39)

At fixed point for small € we have g = g* = @E,,Lje) + O(€?) so

s = g€ (0 nnf 0 =3) 4 o (0 4’ 0% = 5) 4O () (40)

From (14) it is straightforward to see that this just coincides with the

conformal dimension A [ V] for Agp_l). Thus we conclude that ¢y, in

the AP theory flows to ¢, in AP,
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The second set contains tree fields:
pr=0[r" ] da=olh ] es=0 [0 ] (41)

Their conformal dimensions (14) are

A =%+§(—2n—n'—1)+0(ez) (42)
1

Ay w1l =g+ gnt2n' —1)+0(S) (43)
1

Alp il =5+5m-n"-1+0(&) (44)

To derive the anomalous dimensions with (37) we have derived the
appropriate structure constants. The diagonal structure constants are:

~ 2n(n4+n"+3)+3(n +1)

cl. = +0 45
il 6\/§n(n +n') (€) (45)
2n' —3) +2n/2 —6n' +3
c2, =™ 10 46
& 6v/2n'(n + n’) © (46)

9’ + 3n — 30’ — 3
U e U TR (47)

6+ 2nn’
\[ November 12 School and-Workshc
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The off diagonal structure constants are

o2 = 1 \/(n+1)(n’—1)((n+n’)2—1)_I_O(E) (48)

s n+n' 8nn’
- ETE ST o

Thus we have all ingredients to derive the matrix of anomalous dimensions
from

Top = Aadag + mgC2 5+ O(g%) (51)
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The result is

' 75— g <1+2n+n’— 2“"*";&1);)3("/“)) , (52)
Tyy — % B g (1 o —on! — n(2n’ — 32/—(225_717’#; 3)n' + 3) 7 (53)
F33:%+§(1+n—n’—w+%>, (54)
P =T = 5 i - \/(n+ (' — Qé(n 2= (55)
Piy = Tyt — 3n\/ o liws e dd), (56)
Foz =T'32 = % (n—1) (ns(;i)rgj; +n' —1) (57)

The eigenvalues of this matrix are:

1 1
1—‘dia.gonal = {§(3 + E(Tl —n' + 1))7 5(

3—c(2n+n' —1)), %(3 +e(n+ 20 + 1))} (58)
n' n’+1

- n+l n —1 n n - —1
fields ¢ [nlil n,] o™ ] bl ] in Agp ) as expected.
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The matrix of w anomalous weights
In perturbed theory W is no longer holomorphic. Indeed consider

8
3

W (2)e I Aoty

n=0 i=1

_ 1 2 0 2 2
[ateta... ((Hm e FE axl) Worp(@s)... ) Par ... s

where the Ward identities together with w, = 0 and
W_op(z) = %HaziW,lw(zi) were used. From (24) with simple manipulations
we get

BW(2)e™ I Ae#) = s " S (OW_yp(z))e o) (59)

so we obtain the conservation low

OW,..(2,2) + - 8W,1<p(z Z)=0 (60)

A+
Using this it is straightforward to see that

_ 1-A 1-A
(W) + WATa(ZQW,W) = 27TA7AzW,1¢ (61)
The left hand side is the definition of the not anymore cog;e%rgéggzg rent. 4" Workshc
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So the corresponding (unconserved) charge
A dz —A dz
0O 29y 2
]1] = - A 2
/9A<Z (2 )27” 4 1+ A (2 )27'(') (62)

Similar to (29) by using (61) we can show that the following combination
of integrals do not depend on the choice of A

A, dz
~ [ (BW 00 - R A0 )+ (6

dzdZz

+27T/\14_F7A/A2W7130(2)¢6( )5 = —wppp(0)

where we have used the fact that for small A only the first term in the first
integral contributes. But again the initial right hand side of this equation
is independent of A so this equality holds for arbitrary A. Finally we obtain

Qw (83) = w309(0) + 2005 [ Wo1p(00(0) Ty
A

2
From general arguments for the anomalous w-weight matrix up to O(g?)
we may write

(64)

Weas = wedaps + TgbasgCS.5 + O
of = Th%ap 9%ap"¢ip ( N2vember 12 School and \g\/orkshc
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Was = wbas + 7gbasCls + O(g%) (66)

with some unknown coefficients b,3. We do not know how to derive the
coefficients b,z in a rigorous manner. Nevertheless for the case of second
set of fields already discussed we can say more. For self consistency at IR
fixed g = g« I' and 2T should commute to be simultaneously
diagonalizable. It is easily seen that this is possible only if b,z = % for

a, 8 =1,2,3. So that for the matrix elements of 2 for the second set we
got
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QBu:@-Fge%(nfn,ﬂ-sEZ,:nl/)) —2n—n’+1> : (67)
Wy — 3/3 L€ (n®n’ +n (30 +971//6_n ?()n-l——‘rn?;/()Qn' +n' —6) +3) . (68)
Was = %/?# W(n(n'(n—n/ﬁ-l)ﬁ-iﬂ) —3(n' +1)), (69)
Wiy — Wy — 3\/6(;+n') \/(n + 1) — 17271((n )2 -1 (70)

The eigenvalues of it are

24en—m'4+1) 2—e(2n+n'—1) 2+e(n+2n"+1)
mdiag = 3 ) (73)
9v6 9v6 9v6
These coincides with the w dimension of ¢ | " 7| 6 ["1 ] 6 [,/ ] in
4 (P—1) November 12 School and-Workshc
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SUMMARY

@ By studying the unconserved charge corresponding to dilatation we
consistently arrived to well known expression for the matrix of
anomalous dimensions i.e.

a/g—A (5a5+ﬂ'gc B+O( ) (74)

Using this formula we derived IT" for the first two sets (in the paper
also for the third set). And found to which fields the fields in these
sets flow in the IR.

@ Analogously we studied the unconserved charge corresponding to the
W zero mode. We concluded that one can write an expression for the
matrix of anomalous w-weights of the following form

W = webas + TgbasClg + O(g%) (75)

with some unknown coefficients b,. For the first two sets we
determined this coefficient to be b, = %. We hope that our
knowledge of the I' matrix for the third set will help us to determine
bag in general.
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