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@ Basic facts on Kahler supermanifolds.

~ N
@ non-compact complex projective superspaces CP
in the parametrization similar to those of Klein model.

|M

— N
e Symmetry algebra of CP , su(1, N|M)-superconformal mechanics.

@ Canonical coordinates.

@ Superintegrable supergeneralizations of oscillator- and Coulomb-like
systems.

@ Conclusion.
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Kahler Supermanifolds

An (even) (N|M)-dimensional Kahler supermanifold can be defined as a
complex supermanifold with symplectic structure given by the expression

Q= o(—1)PP g ;d7! NdZ?, dQ =0, (1)

- " L R =
The "matrix components” g, ;= %%K(Z, Z),
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Kahler Supermanifolds

An (even) (N|M)-dimensional Kahler supermanifold can be defined as a
complex supermanifold with symplectic structure given by the expression

Q= o(—1)PP g ;d7! NdZ?, dQ =0, (1)

The "matrix components” g, ;= ;—;,;—;K(Z, Z), The Poisson brackets

associated with this Kahler structure looks as follows
oRf 8Lg oRf 8L
f — _ Y 1)PIPs Ji 2
{f e} z(azlg az1 ~ V718" 57 2)

where gg k= 6,’;, ? = (—l)p’pJgJ_’.

Erik Khastyan " Aspects of Symmetry”



~—NIM e :
CP by super-Hamiltonian reduction

Our goal is to study the systems on Kahler phase space with su(1, N|M)
isometry superalgebra.
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~—NIM o :
CP by super-Hamiltonian reduction

Our goal is to study the systems on Kahler phase space with su(1, N|V)
isometry superalgebra. For the construction of such a phase space it is
convenient, at first, to present the linear realization of u(1./V|/V)

superconformal algebra on the complex pseudo-Euclidian superspace
CI.N|M,
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~—NIM o :
CP by super-Hamiltonian reduction

Our goal is to study the systems on Kahler phase space with su(1, N|M)
isometry superalgebra. For the construction of such a phase space it is
convenient, at first, to present the linear realization of u(1./V|/V)
superconformal algebra on the complex pseudo-Euclidian superspace
CYNIM equipped with the canonical super-Kahler structure (and thus, by
the canonical supersymplectic structure), and then reduce it by the action
of u(1) generator.

Let us equip, at first, the (N + 1|M)-dimensional complex superspace with
the canonical symplectic structure

N M
Qo=1 Y 7pdv? Ad?®+ > dn A di, (3)
a,b=0 A=1

with v2, 72 being bosonic, and 7, 77 being fermionic variables.
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~—NIM e :
CP by super-Hamiltonian reduction

The matrix 7,z is chosen in the form

g = -1 . ab=N01,.,N—1 (4
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~—NIM o :
CP by super-Hamiltonian reduction

The matrix 7,z is chosen in the form

With this supersymplectic structure we can associate the Poisson brackets
given by the relations

(v, 75} = —b2 (A RBY = (7B 0" = 048, APy =62, (5)
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~—NIM o :
CP by super-Hamiltonian reduction

The matrix 7,z is chosen in the form

g = -1 . ab=N01,.,N—1 (4

-1

With this supersymplectic structure we can associate the Poisson brackets
given by the relations

(v, 75} = —b2 (A RBY = (7B 0" = 048, APy =62, (5)

Equivalently, {v%, vV} =1, {vN %} =-1, (6)
v, 7y =20% A aB) = %"y =648 ()
Here we introduced the indices o, 3 =1,..., N — 1.
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~—NIM o :
CP by super-Hamiltonian reduction

On this superspace we can define the linear Hamiltonian action of
u(N.1|M) = u(1) x su(N.1|M) superalgebra

{hab7 d} - ( ad’y - th,ygd) ) {@A57 th} = _ZeAE’yEQ’ (8)

{045,05,} = hs0%2 — Ragv™,  {@as, Rept = —10c56P2,  (9)
{Rag>Rcp} =1 (RAD5BC - Rcé5m> 7 (10)

where
h,p = \7"vb, Oas = ﬁAva, Ri5 = zﬁAnB. (11)
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~—NIM o :
CP by super-Hamiltonian reduction

On this superspace we can define the linear Hamiltonian action of
u(N.1|M) = u(1) x su(N.1|M) superalgebra

{hal_ﬂ hcg} =1 (haJ’yEb - th’ygd) ’ {@A57 hbf} = _ZeAE’yEQ’ (8)
{045,05,} = hs0%2 — Ragv™,  {@as, Rept = —10c56P2,  (9)

{Rag: Rept =1 (RAD5BC - Rcé5DA> : (10)

where
h,p = \7"vb, Oas = ﬁAva, Ri5 = zﬁAnB. (11)

The u(1) generator defining the center of u(1.N|M) is given by the
expression

J=q v+ {U hgt ={J,0a5) = {J,Ru5} =0. (12)

Erik Khastyan " Aspects of Symmetry”



~—NIM o :
CP by super-Hamiltonian reduction

Hence, reducing the system by the action of generator J we will get the
|M

~ N

"non-compact” projective super-space CP (i.e. the supergeneralization
N N C -
of non-compact projective space CP ), which is

(2N|2M)-(real)dimensional space.
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~—NIM o :
CP by super-Hamiltonian reduction

Hence, reducing the system by the action of generator J we will get the
|M

~ N

"non-compact” projective super-space CP (i.e. the supergeneralization
N N C -
of non-compact projective space CP ), which is

(2N|2M)-(real)dimensional space.

For performing the reduction by the action of generator J we have to
choose, at first, the 2N real (N complex) bosonic and 2M real (N
complex) fermionic functions commuting with J. Then, we have to
calculate their Poisson brackets and restrict the them to the level surface

J=g. (13)
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~—NIM o :
CP by super-Hamiltonian reduction

Hence, reducing the system by the action of generator J we will get the
|M

~ N
"non-compact” projective super-space CP (i.e. the supergeneralization
of non-compact projective space CP ), which is

(2N|2M)-(real)dimensional space.

For performing the reduction by the action of generator J we have to
choose, at first, the 2N real (N complex) bosonic and 2M real (N
complex) fermionic functions commuting with J. Then, we have to
calculate their Poisson brackets and restrict the them to the level surface

J=g. (13)

As a result we will get the Poisson brackets on the reduced (2N|2M)-(real)
dimensional space, with that u(1)-invariant functions playing the role of
the latter's coordinates.
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~—NIM e :
CP by super-Hamiltonian reduction

The required functions could be easily found,

w=", 2=C" A= . 1wy ={(z2J)={0" )} =0.
’ (14)
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~—NIM o :
CP by super-Hamiltonian reduction

The required functions could be easily found,

VN N Ve A 77A R A
W:W> 4 :W’ 9 :W : {W7J}:{Z,J}:{9,J}:O
(14)
Notation:
1 1 N-1 M
o _ _ = cpC
A: —550 , . Z(W—W)—;ZVZ7+Z(;9 -1, (15)
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by super-Hamiltonian reduction

The required functions could be easily found,

_ Vv a_V A_T _ _ [pA _
W—W, V4 —W, 9 —W . {W,J}—{ZQ,J}—{H ,J}—O
(14)
Notation:
1 1 N— M
A:: ) = — Z(W—V_V)— ZZ"/Z"/‘{‘ZZHCG_C s (15)
2070 WA -4 — —
we get the reduced Poisson brackets
{w,w} = —A(w —w), {z%2°} =1A5°7, {0708} = A5”B, (16)
{w,z%} = AZ%,  {w, 0"} = A0~ (17)
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~—NIM o :
CP by super-Hamiltonian reduction

In what follows we will call this space " noncompact projective superspace

—~ N|M

CP | ". The isometry algebra of this space is su(N, 1|M), which can be
easily obtained by the restriction of u(N.1|M) = u(1) x su(N.1|M) algebra

to the level surface J = g.
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~—NIM o :
CP by super-Hamiltonian reduction

In what follows we will call this space " noncompact projective superspace

—~— N|M
CP | ". The isometry algebra of this space is su(N, 1|M), which can be

easily obtained by the restriction of u(N.1|M) = u(1) x su(N.1|M) algebra
to the level surface J = g.

It is defined by the following Killing potentials

NN ww _ 1 N _N w+w
H:=v'v ‘J:gZT’ K = VOVO‘J:g:Z’ D := (V VO+VOV )|J:g: o
. =a N z%w . =a 0 z* _ =a. B ZQZB
Ha,:VV|J:g_ A, Ka':VV|J:g:X7 haB':VV|J = A 5

= GESED
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~—NIM o :
CP by super-Hamiltonian reduction

@ Constructed super-Kahler structure can be viewed as a higher
dimensional analog of the Klein model of Lobachevsky space, where
the latter is parameterized by the lower half-plane.
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~—NIM o :
CP by super-Hamiltonian reduction

@ Constructed super-Kahler structure can be viewed as a higher
dimensional analog of the Klein model of Lobachevsky space, where
the latter is parameterized by the lower half-plane.

@ One can choose, instead of non-diagonal matrix , the diagonal one,
7,5 = diag(1,—1,...,—1). In that case the reduced Kahler structure
will have the Fubini-Study-like form.
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~—NIM o :
CP by super-Hamiltonian reduction

@ Constructed super-Kahler structure can be viewed as a higher
dimensional analog of the Klein model of Lobachevsky space, where
the latter is parameterized by the lower half-plane.

@ One can choose, instead of non-diagonal matrix , the diagonal one,
7,5 = diag(1,—1,...,—1). In that case the reduced Kahler structure
will have the Fubini-Study-like form.

@ Presented choice 7,z is motivated by the by its convenience for the
analizing superconformal mechanics. In that case the generators
H, D, K define conformal subalgebra su(1.1) and are separated from
the rest su(1, N) generators.
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~—NIM o :
CP by super-Hamiltonian reduction

@ Constructed super-Kahler structure can be viewed as a higher
dimensional analog of the Klein model of Lobachevsky space, where
the latter is parameterized by the lower half-plane.

@ One can choose, instead of non-diagonal matrix , the diagonal one,
7,5 = diag(1,—1,...,—1). In that case the reduced Kahler structure
will have the Fubini-Study-like form.

@ Presented choice 7,z is motivated by the by its convenience for the
analizing superconformal mechanics. In that case the generators
H, D, K define conformal subalgebra su(1.1) and are separated from
the rest su(1, N) generators.

@ Thus they can be interpreted as the Hamiltonian of conformal
mechanics, the generator of conformal boosts and the generator of
dilatation.
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su(1, N|M) Superconformal Algebra

"Bosonic” sector: su(1, N) x u(M)
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su(1, N|M) Superconformal Algebra

"Bosonic” sector: su(1, N) x u(M)

Explicitly, the su(1.N) algebra is given by the relations
{H,K} =-D, {H,D}=-2H, {K,D}=2K,
{H,K.} = —H., {H,H.}=1{H, haﬁ_} =0,

{K7 Ha}: Kon {Ka Ka}:{K7haE}:O7

{D, Ka} = —Ka, {Da Ha} = Ha, {D7 haﬂ_} =0,
{Ka, Kﬁ} = {Ha, Hﬁ} = {Ka, H/D’} =0,

{Ka,ﬁg} = —ZKéaB, {Ha,ﬁg} = _ZH6045’

{Ka, h/@’ry} = —’LKﬁ(saﬁ,, {Ha, hﬁry} = —ZHﬂ(Sa»‘y,

— 1
{haB’ h,yg} = Z(hag(s,yg - h756a5)7 {Ka, Hﬁ} = haE + E (/ — ’LD) 5015’
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su(1, N|M) Superconformal Algebra

where

N-1 M
l'=g+> hs+> Ree (18)
y=1 c=1
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su(1, N|M) Superconformal Algebra

where
N—1 M
l'=g+ Y hs+ > Ree (18)
y=1 c=1
The R-symmetry generators form u(M) algebra and commutes with all
generators of su(1, N):

{Rag: Rept = URapdce — Rcadap):  {Rag, (H: Ki Di Kai Haih,5)} = 0.
H, D, K form conformal algebra su(1,1),
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su(1, N|M) Superconformal Algebra

where
N-1 M
l'=g+> hs+> Ree (18)
y=1 c=1

The R-symmetry generators form u(M) algebra and commutes with all
generators of su(1, N):

{Rag: Rept = URapdce — Rcadap):  {Rag, (H: Ki Di Kai Haih,5)} = 0.

H, D, K form conformal algebra su(1,1),the generators h,z form the
algebra u(N — 1),
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su(1, N|M) Superconformal Algebra

where
N-1 M
l'=g+> hs+> Ree (18)
y=1 c=1

The R-symmetry generators form u(M) algebra and commutes with all
generators of su(1, N):

{Rag: Rept = URapdce — Rcadap):  {Rag, (H: Ki Di Kai Haih,5)} = 0.

H, D, K form conformal algebra su(1,1),the generators h,z form the
algebra u(N — 1), and all together - the su(1,1) x u(N — 1) algebra.
Notice, / in defines the Casimir of conformal algebra su(1,1):

1

1
T:=>1?>=2D?—-2HK. 1
> > (19)

H — Hamiltonian, = Hq, h,3, Ryg constants of motion.
K — Hamiltonian, = K, haE’ R,g constants of motion.
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su(1, N|M) Superconformal Algebra

" Fermionic” sector
The Poisson brackets between fermionic generators are as follows

{Sa,SB} = Kép5, {Qa,Qs} = Héyg,

_ Z P
{Sa, Qe} = =Ry + 5 (I —=1D)dp5, {©aa,Opgt = Ragdss + hgadag,
{54,085} = Kalag, {Qa,OBa} = Hadag,

{54, S8} ={Qa, Qe} = {©as,Op5} = {54, Q6} = {S4,O8a} = {Qa,085} = 0.
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su(1, N|M) Superconformal Algebra

" Fermionic” sector
The Poisson brackets between fermionic generators are as follows

{Sa,SB} = Kép5, {Qa,Qs} = Héyg,

_ Z P
{Sa, Qe} = =Ry + 5 (I —=1D)dp5, {©aa,Opgt = Ragdss + hgadag,
{54,085} = Kalag, {Qa,OBa} = Hadag,

{54, S8} ={Qa, Qe} = {©as,Op5} = {54, Q6} = {S4,O8a} = {Qa,085} = 0.

Hence, the functions Q4 play the role of supercharges for the Hamiltonian
H, and the functions S4 define the supercharges of the Hamiltonian K
playng the role of generator of conformal boosts.
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su(1, N|M) Superconformal Algebra

"Mixed" sector The mixed sector is given by the relations

{H,Qa} ={H,@aa} =0, {H,Sa} =-Qa,

{K,Sat ={K,0aa} =0, {K,Qa}=Sa,

{D,Sa} = =S4, {D,Qa} =Qa, {D,043}=0

{Qa, Ko} = —0Oas, {Qa, Ho} ={Qa Ha} = {Qa, Ko} = {Qa, h,3} =0,
{SAuﬁOé} = Oaa, {SA7 Ka} = {5A7 Ra} = {SA7 Ha} = {SAa haﬁ} =0,
{er_u Kﬁ} = 25A55a, {@Aa, HB} = ZQA555“

{Oaa: Ho} = {©Ona, Ka} =0, {Oaa, hgs} = 1045634,

{Sa,Rgc} = —1580ac,  {Qa Rpe} = —1QBI4¢,

{©4a, Rge} = —10Bad ¢
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su(1, N|M) Superconformal Algebra

Looking at all the Poisson bracket relations together we conclude that

@ The bosonic functions H,, haE , and the fermionic functions Qa, ©45
commute with the Hamitonian H and thus, provide it by the
superintegrability property
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@ The bosonic functions H,, haE , and the fermionic functions Qa, ©45
commute with the Hamitonian H and thus, provide it by the
superintegrability property

@ The bosonic functions K, haB and the fermionic functions S4,0 a5
commute with the generator K. Hence, the Hamiltonian K defines
the superintegrable system as well.

Erik Khastyan " Aspects of Symmetry” 15 / 28



su(1, N|M) Superconformal Algebra

Looking at all the Poisson bracket relations together we conclude that

@ The bosonic functions H,, haE , and the fermionic functions Qa, ©45
commute with the Hamitonian H and thus, provide it by the
superintegrability property

@ The bosonic functions K, haB and the fermionic functions S4,0 a5
commute with the generator K. Hence, the Hamiltonian K defines
the superintegrable system as well.

@ The triples (H, Hy, Qa,) and (K, Ka, Sa, ) transform into each other
under the discrete transformation

) =D —-D {(H7HOHQAa) — (K7_KOH_SA)7 )

a pA
(w, 2%,0%) = (= (K,KaySa) —  (H,Ha, Qa,)

)

3

z&
,—
w

S
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su(1, N|M) Superconformal Algebra

@ The bosonic functions K, haE and the fermionic functions S4,0 a5
commute with the generator K. Hence, the Hamiltonian K defines
the superintegrable system as well.

@ The triples (H, Hy, Qa,) and (K, Ky, Sa, ) transform into each other
under the discrete transformation

el

(Ha HOMQAv) - (K7_K0¢a_SA)7

a pA _l
(W,Z 70 )_>( W’ (K,KQ,SA) — (H7H(laQA7)

Z—, ﬁ) =D — -D, {

w w

@ The functions h,3, ©ag are invariant under this discrete
transformation. Moreover, they appear to be constants of motion
both for H and K. Hence, they remain to be constants of motion for
any Hamiltonian being the functions of H, K. In particular, adding to
the Hamiltonian H the appropriate function of K, we get the
superintegrable oscillator- and Coulomb-like systems with dynamical
superconformal symmetry .
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Canonical Coordinates

We define canonical coordinates as follows

w = pl‘ I o \/ 27Taeupa’ 0A — QXA

r

A

r r2’ r ’

where

{r:pr} - 17 {@ﬁyﬂ—a} - 504[37 {XA7>_<B} = 5Aéa ﬂ—a 2 07 (10‘2 e [0727T)7 r > 0

= GESED]
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Canonical Coordinates

We define canonical coordinates as follows

V2 4

_Pr / o V2Tq o A _
W=——1—, Z =-——e7% =—X
r r r r

where

{r:pr} = 17 {@ﬁyﬂ—a} = 5aﬂ7 {XA B} = 5AB Ta Z 07 (102 € [0727T)7 r> 0

They expresses via initial ones as follows

w+w |2 /2 z4z¢ (=) A s
= — r = — = — ar Z = -
Pr 5 A A Ta A Pa g X JA

where

(w—w) =272 +0°0¢ 2
l—g+Z7ra+ZzXX A= 2 =2
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Canonical Coordinates

In these canonical coordinates the isometry generators read

2 2

2
pr , !

H=fry — K==, D=
2+2r27 2’ prr’

/
Ho =5 <p,—1,>, Ko=ry[TreTe, g = Tampe (o),

V2T A _ _
(pr -1 ) SA = X r, @AEA = XA Waeupa, RAB = ’LXAXB‘

S
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Canonical Coordinates

In these canonical coordinates the isometry generators read

p? 12 r?
H=%+52 K=7 D=pr

/
Ho = [ Sreee (P —’,>» Ko=ry[TreTe, g = Tampe (o),

-A \/ﬁ cA
Q=X (pr - Zr) , Sa= %r, Oaa = X' Vma€?, Rug =1"*x°.

Interpreting r as a radial coordinate, and p, as radial momentum, we get
the superconformal mechanics with angular Hamiltonian given by

- M
I+ (X . _ _
T = 02(XX)7 with =g+ Z T (XX) = ZZXAXA

Fermionic part of superconformal Hamiltonian is in its angular part.
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Canonical Coordinates

The explicit dependence of Hamiltonian H and of its supercharges Q4 and
on fermions is as follows

r r

2r2 ) A ﬁ

while the dependence of bosonic integrals H, on fermions is given by the
expression

—_ — 2 _A —
H:Ho+'°(r>§X)+(XX) 0s— X (pr o Z(xx))7

Ka(XX)
Ho = H2 —
@ 2K
where

2 2
pr I 0 [Ta o 0 10y _
Hy =Lt +—=. H = P — : H- H°} =0.
0 2 2r20 @ 2 ¢ <p’ “r {Ha, H7} =0

So, proposed superconformal Hamiltonian H inherits all symmetries of
initial Hamiltonian Hp (given by H2, hag)-
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Oscillator-like Systems

We define the supersymmetric oscillator-like system with the phase space
—~ N|M
CP | by the Hamiltonian

Hose = H + W2K: (20)
In canonical coordinates it reads

(g+z Lo+ S WNYA)? | wPr?
Hose = & 2 > + (21)

This system possesses the u(/N) symmetry given by the generators h.z
(among them N — 1 constants of motion 7, are functionally
independent),
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Oscillator-like Systems

We define the supersymmetric oscillator-like system with the phase space
—~ N|M
CP | by the Hamiltonian

Hose = H + W2K: (20)
In canonical coordinates it reads

(g+z Lo+ S WNYA)? | wPr?
Hose = & 2 > + (21)

This system possesses the u(/N) symmetry given by the generators h.z
(among them N — 1 constants of motion 7, are functionally
independent),the u(M) R-symmetry given by the generators Rz,
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Oscillator-like Systems

We define the supersymmetric oscillator-like system with the phase space

~NIM oL
CP by the Hamiltonian

Hose = H + W2K: (20)
In canonical coordinates it reads

(g+z Lo+ S WNYA)? | wPr?
Hose = & 2 > + (21)

This system possesses the u(/N) symmetry given by the generators h.z
(among them N — 1 constants of motion 7, are functionally
independent),the u(M) R-symmetry given by the generators R,z, as well
as N — 1 hidden symmetries given by the generators

778

Maﬁ = (Ha + sza)(Hg — szﬁ) = 2

(W2 + 0J2) : {Hosca Maﬁ} = Oa
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Oscillator-like Systems

7078
A2

Mag = (Ho + wKo)(Hg — wkKg) = (W? +w?) © {Hosc, Mag} =0,

These generators and the su(/N) generators h, 5 form the following
symmetry algebra

[hap Mys} =1 (Masd,5 + Myadss) s {Mag, Mys} =0,

_ MM M,sM MM M,sM
{Mag, Moy = 1 40 Ihyshgs — —2—060y — =205 5 — =20 055, — —00 05,5 )
haz h,5 hﬂ“/ hﬁé

(e

here summation over repeated indices is not assumed.
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Oscillator-like Systems

7078

Mog = (Ha + ’lea)(H/g — szﬁ) = Yy

(W2 + w2) : {Hosc, Mg} =0,

These generators and the su(/N) generators h, 5 form the following
symmetry algebra

[hap Mys} =1 (Masd,5 + Myadss) s {Mag, Mys} =0,

— MM M.sM MM M.sM
{MaﬁvM’Yﬁ}_z<4w2lha5hﬁ’7_ — P05 — gy — 75555>7

5 B
has hos @ hgs 77 hss

here summation over repeated indices is not assumed. Besides, this system
has a fermionic constants of motion © 45 .
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Oscillator-like Systems

7078
A2

Mag = (Ho + wKo)(Hg — wkKg) = (W? +w?) © {Hosc, Mag} =0,

These generators and the su(/N) generators h, 5 form the following
symmetry algebra

[hap Mys} =1 (Masd,5 + Myadss) s {Mag, Mys} =0,

{Maﬁvﬂ’ﬂ;} =1 <4w2lha5hﬁ’7 -

here summation over repeated indices is not assumed. Besides, this system
has a fermionic constants of motion © 45 .

Hence, it is superintegrable system in the sense of super-Liuville theorem,
i.e. it has 2N — 1 bosonic and 2M fermionic, functionally independent,

constants of motion.
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Oscillator-like Systems

Let us show, that for the even M = 2k this system possess the deformed
N = 2k Poincaré supersymmetry, in the sense of paper

E. lvanov and S. Sidorov, Deformed Supersymmetric Mechanics, Class.
Quant. Grav. 31 (2014) 075013 [arXiv:1307.7690 [hep-th]].

For this purpose we choose the following Ansatz for supercharges

Qa = Qa+wCasSs, (22)
with the constant matrix Cag obeying the conditions
Cag + Cga =10, CasCap = —0,p (23)

For sure, the condition (23) assumes that M is an even number, M = 2k.
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Oscillator-like Systems

Calculating Poisson brackets of the functions (22) we get

{94, OB} = HoscOg, {Qa, 9B} = —wlag, {04, O} = wiag,

where

Gag = CacRge + CocRac, Gag = Gag = CacRcs + CocRez Gas = CacCoeGpc.
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Oscillator-like Systems

Calculating Poisson brackets of the functions (22) we get

{94, OB} = HoscOg, {Qa, 9B} = —wlag, {04, O} = wiag,

where
Gag = CacRge + CocRac, Gag = Gag = CacRcs + CocRez Gas = CacCoeGpc.

Then we get that the algebra of generators Qa, Hosc, Gas is closed
indeed:

{QAa Hosc} =wCap 9B, {gABa Hosc} =0,
{Qa,Gac} = 1(CaQc + Cac9B),
{Qa,Gact = —1(CepQpiac + CcpQndag)-

Hence, for the M = 2k the above oscillator-like system possesses deformed
N = 4k supersymmetry.
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Let us present other deformed N' = 2M Poincaré supersymmetryc systems
whose bosonic part is different, but nevertheless, has the oscillator
potential.
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Let us present other deformed N' = 2M Poincaré supersymmetryc systems
whose bosonic part is different, but nevertheless, has the oscillator

potential.
For this purpose we choose another Ansatz for supercharges (in contrast
with previous case M is not restricted to be even number)

Oa = Qa+ wSa. (24)
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Let us present other deformed N' = 2M Poincaré supersymmetryc systems
whose bosonic part is different, but nevertheless, has the oscillator

potential.
For this purpose we choose another Ansatz for supercharges (in contrast
with previous case M is not restricted to be even number)

Oa = Qa+ wSa. (24)

These supercharges generates the su(1|M) superalgebra, and thus
generalizes the systems considered in paper by to
arbitrary M,

{QA; QB} = Hosc(sAB - WRA7 {RAB7RCD} = Z(,R'ADég - RCB(SE)
{Oa, RS} =1 (ﬁéA(SBC + éB(SAc)  {On, Hosc} = 2002,\7\1/,_1@A7

where  Hosc .= Hose —w(l+ %4 S c Ree)y, RE = Rpg— 508> Ree.
Hence, the Hamiltonian get the additional bosonic term proportional to
the casimir of conformal group.
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Coulomb-like Systems

We define the supersymmetric Coulomb-like system with the phase space
—~ N|M
CP | by the Hamiltonian

Heow = H + —1—. (25)

V2K

The bosonic constants of motion of this system are given by the u(N — 1)
symmetry generators h,3 , and by the N — 1 additional constants of
motion

K
Ra = Ho + Z’Yl ,%K : {HCOUI7 Ra} = {HCOUI) haB} =0.
These generators form the following algebra
— 172 Z’yzhaE
{Ra, RB} = 10,5\ Heou — 52 + TERR {haﬁ-, Ry} = Z(S’YBRO“ {Ra, Rs} = 0.
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Coulomb-like Systems

Besides, proposed system has 2M fermionic constants of motion given by
©aa, and u(M) R-symmetry charges given by R,z.
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Coulomb-like Systems

Besides, proposed system has 2M fermionic constants of motion given by
©aa, and u(M) R-symmetry charges given by R,z.

Hence, it is superintegrable in the sense of super-Liuville theorem. So, we
constructed the maximally superintegrable Coulomb problem with
dynamical SU(1, N|M) superconformal symmetry which inherits all
symmetries of initial bosonic system.
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Coulomb-like Systems

Besides, proposed system has 2M fermionic constants of motion given by
©aa, and u(M) R-symmetry charges given by R,z.

Hence, it is superintegrable in the sense of super-Liuville theorem. So, we
constructed the maximally superintegrable Coulomb problem with
dynamical SU(1, N|M) superconformal symmetry which inherits all
symmetries of initial bosonic system.

One can expect, that in analogy with oscillator-like system, our

Coulomb-like system would possess (deformed) N' = 2M-super-Poincaré
symmetry for M = 2k and v > 1.
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Coulomb-like Systems

Besides, proposed system has 2M fermionic constants of motion given by
©aa, and u(M) R-symmetry charges given by R,z.

Hence, it is superintegrable in the sense of super-Liuville theorem. So, we
constructed the maximally superintegrable Coulomb problem with
dynamical SU(1, N|M) superconformal symmetry which inherits all
symmetries of initial bosonic system.

One can expect, that in analogy with oscillator-like system, our
Coulomb-like system would possess (deformed) N' = 2M-super-Poincaré
symmetry for M = 2k and v > 1.

However, it is not a case.
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Coulomb-like Systems

Besides, proposed system has 2M fermionic constants of motion given by
©aa, and u(M) R-symmetry charges given by R,z.

Hence, it is superintegrable in the sense of super-Liuville theorem. So, we
constructed the maximally superintegrable Coulomb problem with
dynamical SU(1, N|M) superconformal symmetry which inherits all
symmetries of initial bosonic system.

One can expect, that in analogy with oscillator-like system, our
Coulomb-like system would possess (deformed) N' = 2M-super-Poincaré
symmetry for M = 2k and v > 1.

However, it is not a case.

So, proposed superextensions of Coulomb-like systems, being well-defined
from the viewpoint of superintegrability, do not possess neither N' = 2M
supersymmetry, nor its deformation. The su(1, N|M) superalgebra plays
the role of dynamical algebra of that systems.
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Conclusion

@ We have suggested to construct the su(1, N|M)-superconformal
mechanics formulating them on phase superspace given by the
non-compact analog of complex projective superspace CPVIM. The
su(1, N|M) symmetry generators were defined there as a Killing
potentials of CPVIM.
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mechanics formulating them on phase superspace given by the
non-compact analog of complex projective superspace CPVIM. The
su(1, N|M) symmetry generators were defined there as a Killing
potentials of CPVIM.

@ We parameterized this phase space by the specific coordinates
allowing to interpret it as a higher-dimensional super-analog of the
Lobachevsky plane parameterized by lower half-plane (Klein model).
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non-compact analog of complex projective superspace CPVIM. The
su(1, N|M) symmetry generators were defined there as a Killing
potentials of CPVIM.

@ We parameterized this phase space by the specific coordinates
allowing to interpret it as a higher-dimensional super-analog of the
Lobachevsky plane parameterized by lower half-plane (Klein model).

@ Then we transited to the canonical coordinates corresponding to the
known separation of the "radial” and "angular” parts of
(super)conformal mechanics.
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Conclusion

@ We have suggested to construct the su(1, N|M)-superconformal
mechanics formulating them on phase superspace given by the
. . N|M
non-compact analog of complex projective superspace CP™!"'. The
su(1, N|M) symmetry generators were defined there as a Killing
potentials of CPVIM,

@ We parameterized this phase space by the specific coordinates
allowing to interpret it as a higher-dimensional super-analog of the
Lobachevsky plane parameterized by lower half-plane (Klein model).

@ Then we transited to the canonical coordinates corresponding to the
known separation of the "radial” and "angular” parts of
(super)conformal mechanics.

@ We also proposed the superintegrable oscillator- and Coulomb- like
systems with a su(1, N|M) dynamical superalgebra, and found that
oscillator-like systems admits deformed N = 2M Poincaré
supersymmetry, in contrast with Coulomb-like ones.
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The End

Thank You!
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